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Preface

All necessary reasoning is strictly speak-
ing mathematic reasoning, that is to
say, it is performed by observing some-
thing equivalent to a mathematical dia-
gram.

Charles Sanders Peirce

The quotation of Peirce is taken from his 1898 Cambridge lectures: Reasoning
and the Logic of Things. Today — more than 100 years later — this title is
still of striking topicality. An enormous variety of scientists, from fields such
as philosophy, mathematics, computer science, linguistics and biology, devote
themselves to research on human knowledge and thinking. Logic, however,
which was understood as the theory of the forms of thinking in centuries past,
is nowadays understood as mathematical logic in a much narrower sense, and
has lost its former connection to the so-called elementary logic to a large
degree.

In his Contextual Logic, Rudolf Wille makes an attempt to take the former
understanding of logic into consideration again and to endow it with the
same mathematical preciseness that marks mathematical logic. As he says in
[77], ¢ Contextual Logic’ is a kind of logic which is ‘grounded on the traditional
philosophical understanding of logic as the doctrine of the forms of thinking
and aims to support knowledge representation and knowledge processing.

Since the 16th century, human knowledge and thinking have been under-
stood to be made up of three parts: concepts, judgements, and conclusions.
Concepts are the basic units of thinking, judgements are combinations of con-
cepts and facts, and conclusions are entailments between judgements. Thus,
elementary logic was presented in three parts as well, namely the doctrine of
concepts, the doctrine of judgements, and the doctrine of conclusions.

Contextual logic is based on a mathematization of these doctrines. Thus,
Contextual logic has to provide mathematizations for concepts, judgements
and conclusions. Concepts have already been formalized in Formal Concept
Analysis (FCA). They are units of thought which are described by their
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extension and intension. These two components are formalized in FCA. A
formal concept is a pair of sets: its extension, which is a set of (formal) objects
and is called the extent of the formal concept, and its intension, which is a
set of (formal) attributes and is called the intent of the formal concept. The
relationship between the extent and the intent of a concept is as follows: In
the intent of a formal concept, we find exactly all attributes which apply to
all objects of the extent, and, vice versa, in the extent of the formal concept
we find exactly all objects which satisfy all attributes of the intent (for the
mathematical details we refer the reader to [19]). FCA was introduced by
Wille in 1981, and since then it has been used successfully in more than 200
projects.

An approach for a formalization of judgements and conclusions can be found
in Sowa’s theory of conceptual graphs (see [59], [65]). Conceptual graphs
are based on the existential graphs of Peirce and are developed to express
meaning that is humanly readable and understandable as well as precise and
computationally tractable. Conceptual graphs can be understood as formal
judgements that are closely related to natural language. In particular, they
are graphs that consist of concept nodes, which bear references as well as
types of the references. The concept boxes are connected by edges, which are
used to express different relationships between the referents of the attached
concept boxes. Sowa provides rules for formal deduction procedures on con-
ceptual graphs; hence the system of conceptual graphs offers a formalization
of conclusions too.

As FCA provides a formalization of concepts, and as conceptual graphs offer a
formalization of judgements and conclusions, a convincing idea is to combine
these approaches to gain a unified formal theory for concepts, judgements and
conclusions, i.e., a formal theory of elementary logic. In [75], Wille marked
the starting point for a such a theory. There he provided a mathematization
of conceptual graphs where the types of conceptual graphs are interpreted
by formal concepts of a so-called power context family. The resulting graphs
are called concept graphs. They form the mathematical basis for contextual
logic.

In her Ph.D.-thesis ‘Kontextuelle Urteilslogik mit Begriffsgraphen’ (‘Contex-
tual Judgement Logic with Concept Graphs,” see [44]) Prediger worked out
the theory of concept graphs using the foundation of Wille’s ideas. In contrast
to Wille, she separated the syntax and semantics of concept graphs. How-
ever, for the semantics she adopted the contextual semantics, i.e., the power
context families, of Wille. Her syntax allows us to express existential quantifi-
cation (with the so-called generic marker), and the description of situations
and contexts (she allowed the nestings of graphs). Furthermore, she provided
a sound and complete calculus. Therefore, the structure of her thesis can be
outlined by the keywords syntax, semantics and calculus; hence it is closely
related to the way mathematical logic is treated. But it has to be stressed
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that the intention of her thesis was different: The one-sided extensional view
of mathematical logic and its focus on the truth values of formulas is refused,
but her thesis is in line with contextual logic, i.e., a formalization of concepts,
judgements and conclusions.

In Prediger’s elaboration of concept graphs it is not possible to express nega-
tions, so this is the next step in the further development of concept graphs.
Negations can occur on different levels: It should be possible to express the
negation of concepts or relations, and it should be possible to express that
judgements have the form of negations.

The negation of concepts is a difficult philosophical problem, so it is hard to
implement a formal negation of concepts in FCA and concept graphs. In fact,
there are at least two different possibilities for implementing negation on the
formal concepts, namely on the side of their extents and on the side of their
intents. The term ‘negation’ is used for a negation on the extensional side,
for the intensional side the term ‘opposition’ is introduced (for this and the
rest of this paragraph, see [77]). The next problem one has to face is that the
negation or opposition of a formal concept is not a formal concept in general.
So, in order to introduce negation on the conceptual level, the definition of
formal concepts has to be generalized. This leads to the notion of so-called
semi-concepts and proto-concepts.

In her thesis [29] (see also [28, 30]), Klinger has worked out the syntax and
semantics for a negation on the conceptual level which is based on semi-
concepts. Implementing negation on the basis of proto-concepts is investi-

gated by Wille in [79] and [80].

In this treatise, how a negation on the level of judgements can be imple-
mented will be elaborated. The main ideas that are needed can be found in
the publications of Peirce (for existential graphs) and Sowa (for conceptual
graphs). But a mathematical formalization is missing in these publications.
Thus, in the tradition of the publications of Wille and Prediger, we provide
a mathematization of conceptual graphs in this treatise, where an additional
element of existential graphs, the so-called cuts!, is added. Cuts allow us to
express negation on the level of judgements. The resulting graphs will be
called concept graphs with cuts. These graphs will allow us to express exis-
tential quantification too (thus, as the universal quantifier can be expressed
with the existential quantifier and negations, universal quantification can be
expressed as well), but we will not consider nested graphs. Similar to the
thesis of Prediger, we will distinguish between syntax and semantics, and we
will also provide a sound and complete calculus. Thus, in a sense, this treatise
can be seen as a continuation of Prediger’s thesis.

! The term cut is adopted from Peirce, where it denotes a syntactical device of
existential graphs which is used to express negation. This term should not be
mixed up with the term cut as used in mathematical logic.
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In fact, as we can express relations between objects, conjunction and negation
in judgements, and existential quantification, it will turn out that concept
graphs with cuts are equivalent to first-order predicate logic. More precisely,
it is the goal of this treatise to work out and mathematize a fragment of
conceptual graphs which corresponds to first-order predicate logic. However,
concept graphs with cuts are grounded on a contextual understanding of
logic and are designed to fit in the framework of contextual logic. Hence, this
treatise can show that ‘Contextual Logic may reach at least the expressibility
of first order predicate logic’ (see [77]).

July 2003 Frithjof Dau
Darmstadt, Germany
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1 Introduction

This treatise builds upon Sowa’s theory of conceptual graphs ([59]), which in
turn is based on of Peirce’s system of existential graphs. For this reason we
provide in the first two sections of this chapter short introductions into the
these two graph systems.

Existential graphs have the power of first order logic, thus conceptual graphs
claim to have at least the full power of first order logic, too. This assertion
has already been stated by Sowa in [59], and in order to prove it, he provides
mappings between conceptual graphs and first order logic and a calculus on
the system of conceptual graphs. Unfortunately, a closer observation shows
that his approach sometimes lacks preciseness, which lead to ambiguities,
gaps and even mistakes. In the third section we present some of the flaws of
Sowa’s approach.

The concern of this treatise is to fix these flaws by a mathematization of
conceptual graphs with negations. The resulting graphs are called concept
graphs with cuts. The basic ideas of concept graphs with cuts will be presented
the fourth section.

Finally, in Sect. 1.5, an overview for this treatise is provided.

1.1 Short Introduction to Existential Graphs

Conceptual graphs and in turn concept graphs are based on the existential
graphs (EGs) of Charles Sanders Peirce (1839-1914). This is the reason why
we try to provide a brief survey for EGs in this section. Of course this section
can by no means replace a profound introduction into EGs. For those who
want further information, we recommend [52], which is Roberts standard
book on EGs, [56], a book where Shin provides her interpretation of EGs,
[43], which is a tutorial of Peirce himself with commentary by Sowa, and [15],
where the author offers a mapping from EGs into concept graphs.

Peirce invented the algebraic notation for predicate logic, namely the quan-
tifiers. His notation is adopted from algebra, that is he used the symbols
> for existential quantification and [] for universal quantification, and
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2 1 Introduction

he used products and sums to express conjunction and disjunction (see
[52]). For example, Peirce used the formula 3>, > bsylsy > 0 to express
‘that something is at once benefactor and lover of something’. Another ex-
ample is J], Hy(bmy + lzy) > 0. Later on, Peano adopted this approach,
but he introduced different symbols instead of Peirce’s symbols. In par-
ticular, Peano introduced the symbols 3 for existential quantification and
V for universal quantification, and A for conjunction and V for disjunc-
tion. The Peano-notation is now the standard notation for mathematical
logic. So the formula Zy byyley of Peirce corresponds to the formula
Jz.3y.(b(x,y) Al(z, y)) in the Peano-notation, and [, I, (bsy +lzy) > 0 cor-
responds to Va.Vy.(b(z,y) V l(z,y)). Although Peirce invented the algebraic
notation, he was not satisfied with this form of logic. As Roberts says in [52]:
‘It is true that Peirce considered algebraic formulas to be diagrams of a sort;
but it is also true that these formulas, unlike other diagrams, are not ‘iconic’
— that is, they do not resemble the objects or relationships they represent.
Peirce took this for a defect.” Peirce started his academic career in chemistry,
and his knowledge of chemistry is the reason that he ‘had become convinced
that logic needed a more visually perspicuous notation, a notation that dis-
played the compound structure of propositions the way chemical diagrams
display the compound structure of molecules.” (see [22]). So Peirce developed
different forms of diagrammatic logic, but is was not until 1896 that he dis-
covered his existential graphs from which he said that they are ‘the luckiest
find of my career’” and which he called his ‘Chef d‘(Buvre’. In fact, the system
of existential graphs is a highly elegant system of logic which covers proposi-
tional logic, first order logic and even some aspects of higher-order logic and
modal logic.

The system of EGs is divided into three parts: Alpha, Beta and Gamma.
These parts presuppose and are built upon each other, i.e. Beta builds upon
Alpha, and Gamma builds upon Alpha and Beta. Conceptual graphs are
mainly based on Alpha and Beta, and only few aspects of Gamma are used,
too. Hence we will provide only a short glance at Gamma.

We start with the description of Alpha. The EGs of Alpha consist only
of predicate names of arity 0, which are called medads, and of closed,
doublepoint-free curves which are called cuts and used to negate the en-
closed subgraph. Medads can be considered as propositions. Propositions
can be written down on an area (the term Peirce uses instead of ‘writing’ is
‘scribing’), and writing down a proposition is to assert it! The area where
the proposition is scribed on is what Peirce called the sheet of assertion. It
may be a sheet of paper, a blackboard or any other surface. Scribing sev-
eral propositions next to each other (this operation is called a juxtaposition)
asserts the truth of each proposition, i.e. the juxtaposition corresponds to

1 An assterted proposition is called judgement.
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the conjunction of the juxtaposed propositions. For example, scribing the
propositions ‘it rains’ and ‘it is cold‘ next to each other yields the graph

it rains it is cold

which means ‘it rains and it is cold’.

Encircling a proposition is to negate it. The line which is used to encircle a
proposition is called a cut, the space within a cut is called its close or area.

For example, the graph

has the meaning ‘it is not true that it rains’, i.e. ‘it does not rain’. The graph

C it rains it is cold )

has the meaning ‘it is not true that it rains and that it is cold’, i.e. ‘it does
not rain or it is not cold’. Cuts may not overlap, but they may be nested.
The next graph has two nested cuts.

= )

This graph has the meaning ‘it is not true that it rains and that it is not cold’,
i.e. ‘if it rains, then it is cold’. The device of two nested cuts is called a scroll.
From the last example we learn that a scroll can be read as an implication.
A scroll with nothing on its first area is called double cut (it corresponds
to a double negation). As mentioned before, the space within a cut is called
the area of the cut. In the example above, we therefore have three distinct
areas: All the space outside the outer cut, i.e. the sheet of assertion, the space
between the outer and the inner cut, which is the area of the outer cut, and
the space inside the inner cut, which is the area of the inner cut. An area
is oddly enclosed if it is enclosed by an odd number of cuts, and it is evenly
enclosed if it is enclosed by an even number of cuts.

As we have the possibility to express conjunction and negation of proposi-
tions, we see that Alpha has the expressiveness of propositional logic. Peirce
also provided a calculus for existential graphs. For each system (Alpha, Beta,
Gamma) this calculus has a set of five rules, which are named erasure, inser-
tion, iteration, deiteration, and double cut, and only one axiom, namely the
empty sheet of assertion. For Alpha, these rules are:

— Erasure: Any evenly enclosed graph may be erased.

— Insertion: Any graph may be scribed on any oddly enclosed area.
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— Iteration: If a graph & occurs on the sheet of assertion or in a cut, then a
copy of the graph may be scribed on the same or any nested area which
does not belong to &.

— Deiteration: Any graph whose occurence could be the result of iteration
may be erased.

— Double Cut: Any double cut may be inserted around or removed from any
graph of any area.

This set of rules is sound and complete. In the following, we provide a simple
example of a proof (which will be an instantiation of modus ponens in EGs).
Let us start with the following graph:

oy

It has the meaning ‘it rains, and if it rains, then it is cold’. Now we see that
the inner instance of ‘it rains’ may be considered to be a copy of the outer
instance of ‘it rains’. Hence we can erase the inner instance of ‘it rains’ using
the deiteration-rule. This yields:

N T)

This graph contains a double cut, which now may be removed. We get:

it rains itis cold
Finally we erase the proposition ‘it rains’ with the erasure-rule and get:
it is cold

So the graph with the meaning ‘it rains, and if it rains, then it is cold’” implies
the graph with the meaning ‘it is cold’.

If we go from the part Alpha of EGs to the part Beta , predicate names
of arbitrary arity may be used, and a new symbol, the line of identity, is
introduced. Lines of identity are used to denote both the existence of objects
and the identity between objects. Lines of identity are attached to predicate
names. Peirce used to draw them bold. Consider the following graph:

man—— loves —— woman

It contains two lines of identity, hence it denotes two (not necessarily dif-
ferent) objects. The first line of identity is attached to the unary predicate
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‘man’, hence the first object denotes a man. Analogously the second line of
identity denotes a woman. Both lines are attached to the dyadic predicate
‘loves’, i.e. the first object (the man) stands in the relation ‘loves’ to the sec-
ond object (the woman). The meaning of the graph is therefore ‘there are a
man and a woman such that the man loves the woman‘, or in short: A man
loves a woman.

Lines of identity may cross cuts.? Consider the following graphs:

o

The meaning of the first graph is clear: it is ‘there is a man’. The second
graph is built from the first graph by drawing a cut around it, i.e. the first
graph is denied. Hence the meaning of the second graph is ‘it is not true that
there is a man’, i.e. ‘there is no man’. In the third graph, the line of identity
begins on the sheet of assertion. Hence the existence of the object is asserted
and not denied. For this reason the meaning of the third graph is ‘there is
something which is not a man’.

Now we have the possibility to express existential quantification, predicates
of arbitrary arities, conjunction and negation. Hence we see that the part
Beta of existential graphs corresponds to first order predicate logic (that is
first order logic with identity and predicate names, but without object names
and without function names).

Essentially, the rules for Beta are extensions of the five rules for Alpha such
that the Beta-rules encompass the properties of the lines of identity. For ex-
ample, the erasure-rule and the insertion-rule are now formulated as follows:

— Erasure: Any evenly enclosed graph and any evenly enclosed portion of a
line of identity may be erased.

— Insertion: Any graph may be scribed on any oddly enclosed area, and two
lines of identity (or portions of lines) oddly enclosed on the same area, may
be joined.

For the formulation of the remaining three rules we refer to [52] (we have
taken the other formulations of the rules from this source). But we illustrate
the rules of Beta with an example which is taken from [62]. This example is
a proof of the following syllogism of type Darii:

Every trailer truck has 18 wheels. Some Peterbilt is a trailer truck. Therefore,
some Peterbilt has 18 wheels.

2 This is not fully correct: Peirce denies that a LI may cross a cut (a corollary
in in [42] states It follows that no line of identity can cross a cut.’). In Peirce’s
view, the third graph has two lines of identity which ‘meet’ at the cut. But the
discussion of this needs a much deeper understanding of EGs and shall therefore
be omitted here.



6 1 Introduction
We start with an existential graph which encodes our premises:

Peterbilt trailer truck

trailer truck has 18 wheels

We use the rule of iteration to extend the outer line of identity into the cut:

Peterbilt trailer truck

[

trailer truck has 18 wheels

As the area of this cut is oddly enclosed, the insertion-rule allows us to join
the loose end of the line of identity we have just iterated with the other line
of identity:

Peterbilt——— trailer truck
trailer truck— has 18 wheels

Now we can remove the inner instance of ‘is a trailer truck’ with the
deiteration-rule:

trailer truck
has 18 wheels

Next we are allowed to remove the double cut:

Peterbilt—[ trailer truck
has 18 wheels

Finally we erase the remaining instance of ‘is a trailer truck’ and get:

Peterbilt—

Peterbilt has 18 wheels
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This is a graph with the meaning ‘some Peterbilt has 18 wheels’, hence with
the conclusion of the syllogism.

The Gamma-part of EGs shall only be outlined here. Roughly spoken, it
corresponds to higher order and modal logic, but as this system was never
completed, it is difficult to be sure about Peirce’s intention. We will only
explain one feature of Gamma which is essential for the development of con-
ceptual graphs. The main idea of Gamma we want to describe is that a graph
‘is applicable instead of merely applying it (Peirce, quotation from [52]). In
other words: Graphs, which have been used to speak about objects so far,
can now in Gamma be treated like objects themselves such that other graphs
speak about them.® A simple example for this idea can be found in [41],
where Peirce says: ‘When we wish to assert something about a proposition
without asserting the proposition itself, we will enclose it in a lightly drawn
oval, which is supposed to fence it off from the field of assertions.” Peirce
provides the following graph to illustrate his explanation:

| You are a good girl ——— is much to be wished

The meaning of this graph is: ‘You are a good girl’ is much to be wished.
Peirce generalized the notion of a cut. The lightly drawn oval is not used to
negate the enclosed graph, it is merely used to ‘fence it off from the field of
assertions’ and to provide a graphical possibility to speak about it. Peirce
extended this approach further. He started to use colours or tinctures to
distinguish different kind of context. For example, he used the colour red to
indicate possibility (which is — due to the fact that this treatise is printed in
black and white — replaced by gray in the next example).

a N

leads ——— to
is a person is water
makes —— drink

is a horse

- J

In this example we have two red (gray) ovals. One is purely red; it says that
the enclosed graph is possible. The other one is a cut which is red inside,
hence it says that the enclosed graph is impossible. As the three lines of
identity start in the area of a scroll, they can be understood as universally
quantified objects. Hence the meaning of the graph is: For all persons, horses

3 This is a kind of abstraction which Peirce called ‘hypostatic abstraction.’
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and water, it is possible for the person to lead the horse to the water, but is
impossible to make the horse drink. Or, for short: You can lead a horse to
water, but you can’t make him drink.

It is important to note that Peirce did not consider the tinctures to be logical
operators, but to be meta-level operators. That is, they are part of a met-
alanguage which can be used to describe how logic applies to the universe
of discourse. Peirce said himself: ‘ The nature of the universe or universes of
discourse (for several may be referred to in a single assertion) in the rather
unusual cases in which such precision is required, is denoted either by using
modifications of the heraldic tinctures, marked in something like the usual
manner in pale ink upon the surface, or by scribing the graphs in coloured
inks.” (quotation taken from [66]).

1.2 Short Introduction to Conceptual Graphs

Sowa invented conceptual graphs on the basis of existential graphs. In [62]
he says ‘Conceptual graphs (CGs) are an extension of existential graphs with
features adopted from linguistics and AL The purpose of the system is to
express meaning in a form that is logically precise, humanly readable, and
computationally tractable.” The term ‘extension’ is to be understood seman-
tically. But it is not to be understood syntactically: Sowa adopted the ideas
of existential graphs, but conceptual graphs have a different and much richer
syntax. As Sowa explains this in [62]; ‘Besides Peirce’s primitives, conceptual
graphs provide means of representing case relations, generalized quantifiers,
indexicals and other aspects of natural languages.” Two other fundamental
aspects (which are perhaps so fundamental that Sowa did not even mention
them explicitely in the quotation above) are the following: First, in concep-
tual graphs different kinds of referents exist, in particular names for objects.
Second, conceptual graphs may serve as referents themselves. This is called
nesting of conceptual graphs (corresponding to the nesting of cuts in exis-
tential graphs). Both aspects will be explained in the rest of this section.

In order to illustrate the broad range of conceptual graphs, we will provide
several examples. The first two are:

(on){MAT:#| | CAT: Yoyo [ on)

The meanings of this graph are ‘a cat is on a mat’ and ‘the cat Yoyo is on a
mat’, respectively. In each concept box, we have a type label t and a referent
r. Sowa calls the boxes concepts, but in this treatise, the term concept boz
will be used instead. Furthermore, when we later introduce concept graphs,
we will have concept names instead of type labels. In the conceptual graph
above, we have the types CAT and MAT. The referents are ‘Yoyo’ and the
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generic marker ‘«’. Type labels are ordered in a sub-type-relation, according
to their level of generality. For example, CAT is a subtype of ANIMAL. An
ordered set of types is often called support, type hierarchy, taxonomy or even
ontology. Type hierarchies usually contain a greatest type T, the universal
type, which contains every object (of the respective universe of discourse) in
its extension. In the graph above, the two concept boxes contain two different
kinds of referents. The referent “Yoyo’ of the first box is a name for an object.
The referent ‘x’ of the second box is a fixed symbol which does not denote
a particular individual, but it denotes an individual which is not further
specified. So the star ‘«’ can be read as an existential quantifier. It is called
generic marker, hence the second box is called generic concept box. The ovals
are (conceptual) relations between the referents of the concept boxes which
are linked to the oval.

Sowa uses various kinds of referents, for example

~ names: | PERSON: John |, [ DOG: Lucky, Matula,

— quantifiers: | MEAT: x| (some meat), | DOG: V| (all dogs),

— measure specifications: |TIME—PERIOD: @5 seconds | , | Money:@$5| or
| WATER: @5 liters | ,

— control marks 7, !, #: (which dog?), | Dog: Lucky !| (emphasis on

Lucky), | MEATBALL: # | (the meatball),

— generic plurals: [ BONE: {x} | (some bones) or | BONE: {*}4| (four bones),

— prefixes: ‘PERSON: Dist{Bill, Mary}@5 | (five persons distributively in-
cluding Bill, Mary, and others), or | LADY: Cum{x} ‘ (a set of Ladies).

(all examples taken from [60]).

So the following graphs have the meanings ‘all men married a certain woman’
and ‘she is eating four bones’.

‘ MAN: V HmarryH WOMAN: @certain‘

| FEMALE: # [ cats - BONE: {x}4|

It is clear that these various kinds of referents go beyond the expressiveness
of first order logic. In particular they are not adopted from EGs. But even
in the first example of this section (i.e., the graph with the meaning ‘a cat is
on a mat’) we can already see a crucial difference between existential graphs
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and conceptual graphs. The lines of identity in existential graphs serve dif-
ferent purposes: They are used for existential quantification, they are used
to connect arguments to relations, and they are used to show identity be-
tween arguments. In conceptual graphs, all these functions are separated.
Existential quantification is expressed by generic concept boxes. Referents of
concept boxes serve as arguments for relations, and the connection between
the arguments and the relations is drawn by relation ovals. Now we have to
clarify how identity is expressed in conceptual graphs. For this, a new syn-
tactical element is used. In [60], Sowa says ‘Two concepts that refer to the
same individual are coreferent. [...] To show that they are coreferent, they
are connected with a dotted line, called a coreference link.” He illustrates this
using the graph of Fig. 1.1.

PERSON: Mary || TEACHER: #

Fig. 1.1. conceptual graph for ‘Mary is a teacher’

It says that Mary is a person and there is a teacher who is the same as Mary,
or for short: Mary is a teacher.

The second fundamental aspect of conceptual graphs which shall be explained
here is the nesting of conceptual graphs. When graphs are nested, some con-
ceptual graphs serve as referents in concept boxes of other conceptual graphs
themselves. In this manner, some conceptual graphs make statements and as-
sertions about other conceptual graphs, i.e., the system of conceptual graphs
offers the possibility of meta-level statements. Concept boxes whose referents
are conceptual graphs are called contexts.* Peirce’s sheet of assertion or the
surface where a conceptual graph is scribed on can as well be understood as
a context, the outermost context.

In Fig. 1.2 we present a well-known example of a nested conceptual graph:
It contains two contexts, namely the concept boxes of type PROPOSITION
and SITUATION (which are common types of contexts). The graph can be
read as follows: The person Tom believes a proposition, which is described by
a graph itself. The proposition says that the person Mary wants a situation,
which again is described by a graph. In this situation we have a concept

box which is connected with a coreference link to the concept box

4 The term ‘context’ occurs in several meanings and implementations in logics,
linguistics or artificial intelligence. But, as Sowa says in [66]: ‘The notion of
context is indispensable for any theory of meaning, but no consensus has been
reached about the formal treatment of contert.’ An introduction into the various
ideas of contexts is beyond the scope of this treatise (we refer to [66] or Chap. 5
of [65] for an introduction and discussion of contexts in conceptual graphs and
recommend the treatises of McCarthy, Barwise and Perry for further reading).
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PERSON:Mary | in the context above. So the situation is that Mary marries
a sailor. The formal understanding of the whole graph is now: The person
Tom believes the proposition that the person Mary wants the situation that
Mary marries a sailor. In short: Tom believes that Mary wants the situation
in which she marries a sailor, or even shorter: Tom believes that Mary wants
to marry a sailor.

| PERSON: Tom [—( believe)
[

PROPOSITION:

‘ PERSON: Mary Hwant)
\

: SITUATION:
+[T:# - marry - SAILOR: * |

Fig. 1.2. a nested conceptual graph

In the last section, we said that Peirce used coloured or tinctured cuts to dis-
tinguish different kinds of contexts. So when an existential graph appears in
a specific context, this context is drawn as an oval or coloured area. This oval
is used ‘to fence it (the existential graph) off from the field of assertions’, and
the colour of the cut specifies the type of the context. Sowa adopted this idea
of a graphical representation of contexts, and we see that the tinctured cuts
of existential graphs correspond to the contexts (i.e. concepts with complete
graphs as referents) in conceptual graphs.

A crucial aspect for the motivation of this treatise (we will discuss this in the
next section and in Sect. 14.1) is that Sowa expresses negations with con-
texts, too: ‘The EG negative contexts are a special case of the CG contexts.
They are represented by a context of type Negation whose referent field con-
tains a conceptual graph that states the proposition which is negated.” (taken
from the definitions in [62] which are based on the draft ANSI standard).
Concept boxes of type NEGATION are introduced by Sowa as abbreviations
for contexts of type proposition with an unary relation ‘NEG’ attached to it
(see [60], where he says that ‘Negation (NEG) is one of the most common
relations attached to contexts’), and Sowa often abbreviates these contexts by
drawing a simple rectangle with the mathematical negation symbol — (e.g.
in [64]).

A well known example for a conceptual graph with negations is presented
in Fig. 1.3. The device of two nested negation contexts corresponds to the
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scrolls in existential graphs and can be understood as an implication. Hence,
the meaning of the graph is ‘if a farmer owns a donkey, then he beats it’.’

1

| FARMER: *|—(own }— DONKEY: * |

T - (vea T % |

Fig. 1.3. a conceptual graph with negations

Sowa says that conceptual graphs are an extension of existential graphs. How
the term ‘extension’ is to be understood is explained in [59]: ‘existential graphs
[...] form the logical basis for conceptual graphs:

— They have the full power of first order logic.
— They can represent modal and higher-order logic.
— The rules of inference are simple and elegant.

— The notation is easily adapted to conceptual graphs.’

In particular conceptual graphs are designed to have at least the full power
of first order logic, that is first order logic with identity, object names and
predicate names, but without function names. In the following, we will use
the abbreviation FOL for this style of logic. In [59] we find: ‘Any formula
in first-order logic can be expressed with simply nested contexts and lines of
identity.” But the system of conceptual graphs is richer than first order logic:
In [67] Sowa says that ‘CGs have been developed as a graphic representation
for logic with the full expressive power of first-order logic and with extensions
to support metalanguage, modules, and namespaces.’

To show how conceptual graphs and first order logic are related, Sowa defines
a formal operator & which maps conceptual graphs to first order logic. The
definition of @ can be found in [59], and we find various comments and ex-
amples among the treatises of Sowa. In [60] Sowa describes the value of @ as
follows: ‘Since conceptual graphs form a complete system of logic with their
own rules of inference and model-theoretic semantics, there is no need to map
them to any other version of logic. Yet the definition of the ® operator that
maps conceptual graphs to predicate calculus is interesting for several rea-
sons: it explicitly shows the structural differences between the two systems, it
enables theoretical advances made with one system to be adapted to the other,

5 This examples well known and used for other purposes as well. Particulary, the
problems in natural language processing caused by anaphora are discussed in
Kamps Discourse Representation Theory on this example, but these problems
are not treated in this treatise.
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and it allows programs that use one system to interact with programs based
on the other. The mapping @, however, is only defined for features that can
be represented in predicate calculus.” For example, he translates the graph of
Fig. 1.1, p. 10, with the meaning ‘Mary is a teacher’ to

Jx.(PERSON (Mary) N\TEACHER(z) A Mary = x)

)

and the graph Fig. 1.3 with the meaning ‘if a farmer owns a donkey, then he
beats it’ is translated to

—3z.3y. (FARMER(xz) N DONKEY (y) A owns(x,y) A —beat(z,y))

The last formula can be logically transformed using to the simplified formula
VaVy.(FARMER(x) N DONKEY (y) A owns(x,y)) — beat(x,y)).

When he developed the system of conceptual graphs, Sowa did not only adopt
the iconic idea and many syntactical and semantical elements of existential
graphs. He also adopted the calculus of existential graphs . In [59] he provides
a calculus which is a one-to-one translation of Peirce’s five rules into the
system of conceptual graphs. In [62] or in [67], this system is refined, and
he presents a set of six rules, grouped into three sets of two rules each. The
following description of these rules is taken from [62]:

1. Equivalence rules: copy and simplify. The copy rule copies a graph or
subgraph. The simplify rule performs the inverse operation of erasing a

copy.

2. Specialization rules: restrict and join. The restrict rule specializes the type
or referent of a single concept node. The join rule merges two concept
nodes to a single node.

8. Generalization rules: unrestrict and detach. The unrestrict rule, which is
the inverse of restrict, generalizes the type or referent of a concept node.
The detach rule, which is the inverse of join, splits a graph in two parts
at some concept node.

Using these six rules, Sowa provides a calculus for conceptual graphs which
is still based on Peirce’s calculus. The following is again an excerpt of [62]:

By handling the syntactic details of conceptual graphs, the generalization and
specialization rules enable Peirce’s rules of inference to be stated in a general
form that is independent of the graph notation./...]

1. Erasure: In a positive context, any graph u may be replaced by a gener-
alization of u; in particular, w may be erased (i.e. replaced by the blank,
which is a generalization of every CG).

2. Insertion: In a negative context, any graph u may be replaced by a special-
ization of u; in particular, any graph may be inserted (i.e. it may replace
the blank).
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3. Iteration: If a graph w occurs in a context c, another copy of u may be
drawn in the same context ¢ or in any context nested in c.

4. Deiteration: Any graph u that could have been derived by iteration may
be erased.

5. Equivalence: Any equivalence rule (copy, simplify, or double negation)
may be performed on any graph or subgraph in any context.

1.3 Problems with Conceptual Graphs

In some sense the system of conceptual graphs is not fixed, but open-minded.
It is designed to be used in fields like software specification and modelling,
knowledge representation, natural language generation and information ex-
traction, and these fields have to cope with problems of implementational,
mathematical, linguistic or even philosophical nature. To cope with such
problems, different modifications and extensions of conceptual graphs are
suggested. For this reason it is very hard and perhaps not even desirable to
provide a definition which covers all possible aspects and features of concep-
tual graphs. On the other hand this leads to several difficulties and fallacies,
ranging from lacks of preciseness and ambiguities over minor gaps to major
mistakes and contradictions, in and between different notations or imple-
mentations of conceptual graphs. This has already been recognized by some
authors, for example by Chein and Mugnier (see [7]), and Wermelinger who
has objections against Sowa’s definition of @ and his calculus. He says in [70])
‘that Sowa’s original definition of the mapping (P) is incomplete, incorrect,
inconsistent, and unintuitive, and the proof system is incomplete, too.” Al-
though this judgement is formulated very harshly, it must be acknowledged
from a mathematical point of view. In this section we will show some of the
problems appearing in the system of conceptual graphs.

Sowa wants to provide at least for a core of conceptual graphs a precise
definition, named abstract syntax (see [64], [67]). This definition was intended
to result in an ISO-standard, but it is still in the making. In the working draft
[67] for the definition he writes: ‘Informally, a CG is a structure of concepts
and conceptual relations where every arc links a concept node and a conceptual
relation node. Formally, the abstract syntax specifies conceptual graphs as
mathematical structures without making any commitments to any concrete
notation or implementation.” But unfortunately, the definition of the abstract
syntax is not a mathematical definition, but it is written in common English.
Furthermore, the definitions are incomplete, and many aspects of conceptual
graphs which should be covered by the definition are only explained in the
comments (for example, Sowa assigns to each relation node a signature, but
he explains only in the comments that these signatures serve to represent
constraints on the types of the attached concept boxes. But these constraints
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are not part of the definition.) In particular the definition of Sowa does not
suffice to derive a mathematical definition from it.

The same holds for the definition of the &®-operator. @ is not defined on
the whole set of conceptual graphs. As Sowa says, it ‘is only defined for
features that can be represented in predicate calculus’, but he does not specify
what features he talks about. In fact, he applies this operator to graphs with
different kinds of quantifiers or with nestings, when it is not even clear if
these graphs can be translated to FOL. In [60], he provides the following
graph for the proposition ‘Tom believes that Mary wants to marry a sailor
(this graph is more complicated than the first graph we provided for the same
proposition, because it explicates the linguistic roles of the verbs):

PROPOSITION:
PERSON: Mary
SITUATION:

Afterwards, he translates this graph to the following formula:

Jx.Person(Tom) A believe(x) A expr(xz, Tom) A ptnt(z,
Jy.32.PERSON (M ary) A want(y) N SITUATION (z)A
expr(y, Mary) A ptnt(y, z) A deser(z,
Ju.Jv.(marry(u) A SAILOR(v) A agnt(u, Mary) A ptnt(u,v))))))

In this formula, whole formulas occur as arguments of relations, namely of
ptnt (patient) and descr (description), which Sowa uses to express nestings
in FOL. But using formulas as arguments in relations is a feature beyond
FOL, so this translation cannot be considered as translation into FOL.

In [70], Wermelinger reveals some further mistakes in the definition of .

The handling of negation yields another class of problems. In his Cambridge
Lectures ([41]), where Peirce provided the existential graph with a meta-level
statement for the sentence ‘you are a good girl’ is much to be wished (see p.
7), he also said: ‘That a proposition is false is a logical statement about it,
and therefore in a logical system deserves special treatment.” In conceptual
graphs, negations are implemented as special contexts, and contexts are used
to draw meta-level propositions on conceptual graphs. Hence, the character
of negation as logical operator in existential graphs changed to a meta-level
character in conceptual graphs. In fact, Sowa says in [66]: ‘To support first-
order logic, the only necessary meta-level relation is negation.” But expressing
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negation as a meta-level operator leads to difficulties. Negation is a special
operation, and its properties have to be captured by the semantics and by
any calculus. To understand the difficulties that can appear, we consider the
following two conceptual graphs:

PROPOSITION:
&, = AT - on) 6y (on)

The meaning of the first graph is well known: It is ‘a cat is on a mat’. The
meaning of the second graph is, strictly speaking, ‘there exists a proposi-
tion, which states that a cat is on a mat’. Quoting a proposition changes
its character: there is a crucial difference between asserting and quoting a
proposition, between using and mentioning a linguistic item. In particular
these two graphs have different meanings. Now we consider the graph below:

PROPOSITION:

(neg | PROPOSITION:
o (on)

63 =

&3 contains a double negation, hence the double cut rule yields that &; and
®3 are equivalent. On the other hand, &3 contains a proposition which quotes
a proposition which quotes a graph, i.e. we have a meta-meta-statement. For
this reason it seems odd that &; and &3 have the same meaning.

A more detailed analysis of expressing negation in conceptual graphs is given
in Sect. 14.1 of the appendix.

Expressing identity in conceptual graphs with coreference-links leads to an-
other class of difficulties. In particular, the meaning of coreference-links con-
nected to a concept box within a negation is not straightforward. This shall
be illustrated by the following example:

-1
PERSON: Adam‘ """ ‘ PERSON: Eve

The link in the graph which expresses the identity between Adam and Eve
looks symmetric. But it is crucial whether the equating of Adam and Eve
takes place inside or outside the negation context. In the first case, the
graph translates to PERSON (Adam)A—~(PERSON (EveA(Adam = Ewve)),
hence to a valid formula (of course we assume that Adam and Eve are dif-
ferent persons). In the second case, the graph is translated to the formula
PERSON (Adam) N (Adam = Eve) N ~PERSON (Eve), which is a non-
valid formula. It is agreed that equality is always placed in the inner context,
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hence the graph translates to the first, valid formula. But this is not clear
from the graphical representation of coreference links.

The next point is that the properties of identity, i.e. the properties of
coreference-links, have to be captured by any calculus in a sound and com-
plete way. For example, if the following graph on the left is a well-formed con-
ceptual graph (which is not clear from the definition of conceptual graphs),
it should be provably equivalent to the conceptual graph on the right:

DOG:#|

As identity is a transitive relation, the next two graphs should be provably
equivalent, too:

Finally, given the graph

‘ BIG_THING: morning star ‘ <<<<<<<<< ‘ BIG_THING:evening star‘
‘ PLANET: morning star ‘ ‘ PLANET: evening star ‘
I I
[visible in the morning ] [ visible in the evening]

it should be possible to derive

‘ PLANET: morning star H visible in the evening]

Sowa did not prove that his calculus allows derivations like this, and it is
difficult to decide from the definition of his calculus whether these derivations
are possible.

As for negation, a more detailed analysis of expressing identity in conceptual
graphs is given in Sect. 14.2 of the appendix.

Finally, the calculus has to cover the special meaning of the universal type
T. For example, it should be allowed to derive , if Tom is a valid
object name, and it should be possible to derive , too. This seems to
be impossible applying the calculus of Sowa.

To summarize: There are objections against the definition of conceptual
graphs, against the definition of the @-operator, and against the implemen-
tations of negation and identity. The main reasons for these objections are:

— Lack of preciseness and informal definitions, which yield gaps and mistakes
in the syntax, and in the calculus.
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— Gaps in the implementation of the special concept name T and in the
implementation of identity.

— Implementing negation as a meta-level operator, which yields difficulties
in the semantics of conceptual graphs.

1.4 Short Introduction to Concept Graphs with Cuts

In the last section we have seen that conceptual graphs are designed to have
the full expressive power of first-order logic. But there are several gaps and
mistakes in syntax, semantics and in the calculus of conceptual graphs and
in the definition of the operator @. Furthermore, Sowa fails to explain how it
can be proven that conceptual graphs have the expressive power of first-order
logic.

The concern of this treatise is to amend these flaws. To be more precise:

It shall be mathematically elaborated a fragment of conceptual graphs
which is equivalent to first order logic, i.e., all necessary definitions
shall be provided, and the equivalence shall be formulated and proven.
In this treatise, we will introduce so-called ‘concept graphs with cuts’
and will show that they are exactly such a required fragment.

To express formulas of FOL with conceptual graphs, we have to use negation
contexts. Other contexts are not needed. Since we have argued that treat-
ing negation as a meta-level operator results in problems, we will consider
negation as a logical, not a meta-level operator. As Peirce said, negation de-
serves special treatment. The first idea is: Instead of using negation contexts
of conceptual graphs, a new syntactical element is needed to express nega-
tion. One cannot help having the idea to use the cuts of existential graphs
for this purpose. To distinguish these ovals from the ovals which are drawn
around relation names, we propose drawing them bold. So, a graph with the
meaning ‘if a farmer owns a donkey, then he beats it’ which uses cuts instead
of negation contexts would look like this:

| FARMER: #|—(own )| DONKEY: * |

([T Coeary 74 |

In contrast to the use of contexts, there is no reason to draw cuts only around
‘complete’ subgraphs. We can improve the usability of cuts if we allow the cuts
to be drawn around arbitrary parts of a conceptual graph. Then the graphical
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representation of cuts is more easily readable and intuitively understandable.
For example, instead of the graph above, we can draw the following graph
with the same meaning:

FARMER: *— own }—DONKEY: *

(*Coear

Another objection we had is the use of coreference links to express identity.
We suggest to implement identity, like any other relation, with relation ovals
which are labelled with the name ‘=’. These relation ovals are therefore called
identity links. For example, the following graph expresses that Mary is a
teacher:

PERSON: Mary [ { = |+ TEACHER: *

The advantages of this approach can be seen best if cuts and identity links are
combined. Using identity links and cuts which may be drawn around single
relation ovals, we can express the sentence ‘The persons Adam and Eve are
different’ with the following graph:

PERSON: Adam '|'|

The graphs which express ‘there are at least two things’ are another example.
The left graph is the example of Sowa which uses coreference links and a
negation context, the right one is a graph which uses a cut and an identity
link.

T ) [ | [ (&)

These examples show that using cuts and identity links yield graphs which
can be read more easily than their counterparts which use negation contexts
and coreference links.

After replacing negation contexts by cuts and coreference links by identity
links, the next step is the mathematization of these new graphs.

The first attempt of a mathematization of conceptual graphs has been made
by Chein and Mugnier in [7]. In [75] Wille adopted and slightly modified
this approach and combined the systems of Formal Concept Analysis and
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conceptual graphs. To distinguish between the conceptual graphs of Sowa
and his mathematization of the graphs, he coined the term concept graph, i.e.,
concept graphs are the mathematization of conceptual graphs. This approach
has been extended in several publications, mainly of Wille (e.g. [76]) and
Prediger (see [44] and [45]), and this treatise builds upon this approach, too.
As we will provide a mathematization of conceptual graphs where we have
added the cuts of existential graphs, we will call these graphs concept graphs
with cuts. Now, in order to provide a mathematical foundation of concept
graphs with cuts and an elaboration of the equivalence between the system
of concept graphs with cuts and FOL, the following steps must be taken:

1. Provide a mathematical definition of concept graphs with cuts and iden-
tity links.

2. Provide a mathematical definition of a (contextual) semantics for concept
graphs with cuts.

3. Provide a mathematical definition for the operator ¢ which maps concept
graphs with cuts to FOL-formulas, and provide a mathematical definition
for an operator ¥ in the inverse direction, i.e., ¥ maps FOL-formulas to
concept graphs with cuts.

4. Provide a mathematical definition for a calculus on the system of concept
graphs with cuts.

5. Provide a proof that the calculus is sound and complete.

6. Provide a proof that the logical systems of concept graphs with cuts and
FOL with its calculus are equivalent via the operators ¢ and V.

The steps mentioned above are the major tasks which this treatise means to
perform.

1.5 Outline of This Treatise

This treatise is divided into four main parts: Start, Alpha, Beta, and the
Appendix. In the first part, a motivation and an overview of this treatise is
presented. Furthermore, in Chap. 2, the basic definitions for the syntax of
concept graph are provided.

The crucial parts of this treatise are Alpha and Beta. The partition into
Alpha and Beta is adopted from the system of EGs. In the part Alpha,
only concept graphs with cuts which do not contain generic markers (so-
called nonezistential concept graphs with cuts) are investigated. In Beta,
the approach of Alpha is extended to concept graphs with cuts with generic
markers.
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We have to admit that the comparison of nonexistential concept graphs with
cuts with the part Alpha of EGs is not fully correct. We have seen that
the part Alpha of EGs corresponds to propositional logic, but nonexistential
concept graphs with cuts correspond to FOL-formulas without variables. As
the relations between objects can be expressed in these formulas, this part
of logic has a higher expressive power than propositional logic. But as we
cannot range over objects, the expressive power of this logic is strictly weaker
than FOL. So the power of nonexistential concept graphs is placed between
propositional and first order logic, hence between the part Alpha and the
part Beta of EGs. However, in order to distinguish between the parts of this
treatise for nonexistential and for existential concept graphs with cuts, we
adopted the terms ‘Alpha’ and ‘Beta’.

The proceeding in Alpha is straight forward and can be outlined with the
terms ‘syntax, semantics, calculus’. As the syntax for Alpha is already defined
in Chap. 2, first a contextual semantics, which is based on power context
families, is presented. Afterwards, a calculus which is based on the Alpha-
calculus of Peirce is provided. It will be shown that the calculus is sound and
complete.

This calculus contains — besides the concept graph versions of Peirce’s rules
— some additional rules. In Sect. 1.3 (see pp. 15 to 17) we have argued that
it is not sufficient to translate Peirce‘'s rules to the system of conceptual
graphs: The resulting calculus will generally not be complete. This can now
be proven: In Sect. 6.3 we show that the calculus is strictly weakened if one
of the additional rules is removed.

The part Beta is more complex than the part Alpha. We add generic markers
to concept graphs with cuts, and for this reason we have to extend the def-
inition of the semantics as well as the calculus. What is new in Beta is that
we provide the definitions of the mappings @, which maps concept graphs
with cuts to FOL-formulas, and of ¥ in the inverse direction, i.e., ¥ maps
FOL-formulas to concept graphs with cuts. In the part Beta it will be shown
that the semantics, the calculus, and the mappings fit perfectly together.
In particular we will show that ¢ and ¥ are mutually inverse isomorphisms
(up to equivalence of concept graphs with cuts resp. formulas) between the
logical systems of concept graphs and FOL. And we will show that the Beta-
calculus is sound and complete, too. In contrast to Alpha, we will not prove
the completeness directly, but we will apply the appropriate result for FOL.

More detailed overviews for Alpha and Beta can be found in Chap. 3 for
Alpha and Chap. 7 for Beta.

It has already been stated that the goal of this treatise is to elaborate the
fragment of conceptual graphs which is equivalent to first order logic. For
this reason we have to emphasize that the theorems of this treatise are by no
means surprising, on the contrary they had to be expected. This treatise is
a mathematization of the mentioned fragment. Hence the true value of this
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treatise is not to be found in the results, but in the definitions. The results
which will be proven simply show that the mathematization is ‘correct’.

We have explained why the negation contexts of conceptual graphs should be
replaced by the cuts of EGs, and why coreference links should be replaced by
identity links. There is no absolute need for these replacements: They have
been decisions in the process of mathematization. Of course, these decisions
are be open to discussion, and we have to give the reasons for them. In the
Appendix, in Chap. 14, we provide reasons for the use of cuts and identity
links, for the requirement to consider only concept graphs with dominating
nodes, and for the design of the calculus.
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2 Basic Definitions

Concept graphs as mathematically defined structures were first presented
by Wille in [75]. Prediger separated the syntax and semantics of concept
graphs. In [45], she defined directed multi-hypergraphs which are bipartite
graphs with vertices and edges. These graphs are the underlying structure
of concept graphs: From these graphs, concept graphs are obtained by addi-
tionally labelling the vertices and edges with names for objects, concepts and
relations. Later on, Wille replaced the term ‘directed multi-hypergraph’ was
replaced by the simpler term ‘relational graph’ (this term is already used in
[28] and [29]). We adopt this notation and extend it to include

— the possibility to express negations by adding the cuts of EGs, and

— the possibility to express identity by using a special binary relation =.
These graphs will be called relational graph with cuts . Their definition, espe-
cially the notions of cuts and areas, is closely related to the ideas of Peirce.
Analogously to Prediger, we label the vertices and edges of concept graphs

with cuts with object names, concept names and relation names. The result-
ing graphs are called (simple) concept graphs with cuts.

2.1 Relational Graphs with Cuts

In this section, the basic definitions and properties for relational graphs with
cuts are presented.

Definition 2.1 (Relational Graphs with Cuts).
A structure (V, E,v, T,Cut,area) is called a relational graph with cuts if

-V, E and Cut are pairwise disjoint, finite sets whose elements are called
vertices, edges and cuts, respectively,

~v:E— U penV" is a mapping',

! We set N:={1,2,3,...} and Ny := NU {0}.

F. Dau: The Logic System of Concept Graphs with Negation, LNAI 2892, pp. 25-38, 2003.
© Springer-Verlag Berlin Heidelberg 2003
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— T is a single element with T ¢ VU E U Cut, called the sheet of assertion,
and
—area: Cut U{T} — PB(VUE UCut) is a mapping such that
a)cy # ca = area(cr) Narea(ce) =0,
b)VUEUCut = Ugecuugry areald),
c)c ¢ area™(c) for each ¢ € Cut U{T} and n € N (with area®(c) := {c}
and area™"t(c) := J{area(d)|d € area™(c)}).
For an edge e € E with v(e) = (v1,...,vx) we set |e| ==k and V(e)|i = v;.
Sometimes, we will write e‘i instead of V(e)|i, and e = (v1,...,vg) instead of
v(e) = (v1,...,v). We set E®) :={e € E||e| = k}.
Forv e Vet B, := {e € FE | Elz'.y(e)|i = v}. Analogously, for e € E
let Vo .= {v eV | Eli.l/(e)‘i = v}. The elements of Cut U {T} are called
contexts.

As for every x € V.U EU Cut we have exactly one context ¢ € Cut U{T}
with x € area(c), we can write ¢ = area™*(z) for every x € area(c), or even
more simple and suggestive: ¢ = ctx(z).

In particular the empty graph, i.e. the empty sheet of assertion, exists. Its
form is &y := (0,0,0,7T,0,0).

A context c of a relational graph with cuts may contain other cuts d in its area
(i.e. d € area(c)), which in turn may contain further cuts, etc. It has to be
expected that this idea induces an order < on the contexts which should be a
tree, having the sheet of assertion T as greatest element. The naive definition
of < is to define ¢ < d iff ¢ is ‘deeper nested’ than d. The next definition is the
mathematical implementation of this naive idea. Furthermore the definition
extends this idea to the set of vertices and edges.

Definition 2.2 (Ordering on Contexts).

Let (V,E,v, T,Cut,area) be a relational graph with cuts. We define a map-
ping B:VUEUCutU{T} - CutU{T} by

- x forzxe CutU{T}
Blz) = {ctx(ac) fore e VUE ’

and we set
21 <@g <= In € Np.B(x1) € area™(B(x2))

for xy, 20 € VUEUCut U{T}.

To avoid misunderstandings, let

r<y<=zr<yANy<Lx and r<y<~=zcs<yANy#z
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For ¢ € Cut U{T}, we set furthermore
<] :={z € VUEUCutU{T}|z <c}
< :={z € VUEUCutU{T}|z < ¢}

In order to get an impression for this definition, have a look at Fig. 2.1 on p.
33 and Fig. 2.3 on p. 34, where we have sketched two examples for concept
graphs (i.e. relational graphs which are labelled with names), and on Fig. 2.2
and Fig. 2.4, where the relation < for these graphs is presented.

Although it has to be expected, it is not immediately clear that < is a qua-
siorder. To prove this, we start with deriving some basic properties for the
relation <.

Lemma 2.3 (Order Ideals Generated by Contexts).

Let (V,E,v, T,Cut,area) be a relational graph with cuts. Then we have for
ceCutU{T}:

IN

[c] = U{area"(c) |n €Ny}, and
<[] = U{area"(c) |neN} .

For c1,co € Cut U{T} we have the following implication:

1 € glea] = <[ar] € el

Proof: We have
<]={x e VUEUCutU{T}|3In € No.B(x) € area”(c)}
={k e VUE|3In € Ny.ctz(k) € area™(c)} U
{d € CutU{T}|3In € No.d € area”
={k € VUE|3n € No.k € area™(c
{d e Cut U{T}|3n € No.d € area™
= U area™(c)

n€Np

U

(©)}
(©)}

Condition c) for area in Def. 2.1 yields that we have <[c] = |, oy area™(c)
too. Now let ¢; € <[ea], i.e. it exists a k € N with ¢; € area®(cz). This yields
{c1} C area®(cz), and we conclude

<[e1] = U area”(c1) C U area™ ¥ (cy) C U area™(c2) = <[es] |
n€eNy n€Ng neN
The next lemma and corollary provide the main properties for the relation

<. Lem. 2.4 states that cuts may be nested, but they do not intersect each
other.
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Lemma 2.4 (Relations between Order Ideals).

For a relational hypergraphs with cuts (V, E,v, T, Cut,area) and two contexts
c1 # co, exactly one of the following conditions holds:

i) <la]Sgle] i) <] Cla] i) <[a]n<e]=10

Proof: It is quite evident that neither i) and iii) nor ii) and iii) can hold
simultaneously. Suppose that i) and ii) hold. We get <[¢1] C <[ea] C <e],
hence ¢; € <[eq], in contradiction to ¢) for area in Def. 2.1 and to Lem. 2.3.
Now it is sufficient to prove the following: If iii) is not satisfied, then i) or ii)
holds. So we assume that iii) does not hold. Then we have

0#<[e1] N <[ea]
=({er} U gla]) N ({e2} U ea))
=({er}n{e2}) U{ertn<lea]) U ({e2}n<en]) U (£ea]N<ea])

From ¢; # co we conclude {c1} N{ce} = 0. If {c1} N <[ca] # O holds, i.e.
c1 € <[eg], Lem. 2.3 yields i). Analogously follows ii) from {co} N <[e1] # 0.
So it remains to consider the case <[c1] N <[ez] # 0. For this case, we choose
x € area™(c1) Narea™(cz) such that n + m is minimal. We distinguish the
following four cases:

— m =1 =n: This yields z € area(c1) Narea(cz) in contradiction to ¢; # c2
and condition a) of Def. 2.1.

—m = 1,n > 1: Let ¢o’ € area™ 1(c2) such that x € area(cy’). From a)
of Def. 2.1 and x € area(cy) N area(ce’) we conclude ¢; = c¢o’. Hence

c1 € area™ *(cz) holds, and we get ¢1 U <[e1] € <[ez], i.e., condition i).
— m > 1,n = 1: From this, we conclude ii) analogously to the last case.

—m > 1,n > 1: Let ¢;’ € area™ (c1) such that = € area(c;’), and let
ca’ € area™ (cy) such that z € area(cy’). We get area(ci’)Narea(ce’) # 0,
hence ¢;” = c’. This yields area™ ! (c1)Narea™ !(ca) # 0, in contradiction
to the minimality of m + n. O

Now we are prepared to show that < is indeed a quasiorder and a tree on the
set of contexts.

Corollary 2.5 (< Induces a Tree on the Contexts).

For a relational graph with cuts (V, E,v, T,Cut,area), < is a quasiorder.
Furthermore, < |cuugTy is an order on Cut U{T } which is a tree with the
sheet of assertion T as greatest element.

Proof: We have

r <y <= B(z) < By) <= <[B(z)] € <[B(Y)]
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Hence < is a quasiorder. Now Lem. 2.4 yields that the restriction of < to
Cut U {T} is an order which is furthermore a tree.

As Cut U{T} is finite, is contains a maximal element c. Assume that ¢ # T.
Then condition b) for area in Def. 2.1 yields a d with ¢ € area(d). From this
we conclude ¢ < d, a contradiction to the maximality of c¢. Hence T is the
only maximal element of Cut U {T}, i.e., T is the greatest element. a

The preceding lemmata are not surprising: The results had to be expected.
But as the results, which are clear from a naive understanding of concept
graphs, can be proven, the lemmata show that Def. 2.1 and Def. 2.2 seem to
be a ‘correct’ mathematization of the underlying structure of concept graphs
with cuts.

The ordered set of contexts (Cut U {T},<) can be considered to be the
‘skeleton’ of a relational graph. According to Def. 2.1, each element of the set
VUEUCutU{T} is placed in exactly one context ¢ (i.e. € area(c)). This
motivates the next definition.

Definition 2.6 (Enclosing Relation).

Let & := (V, E,v, T, Cut,area) be a relational graph with cuts and let ¢ be a
context (i.e., ¢ € Cut U{T}). Every element x of VU E U Cut U{T} with
x < c¢ is said to be enclosed by ¢, and vice versa: ¢ is said to enclose x. For
every element of area(c), we say more specifically that it is directly enclosed
by c.

Similar to existential graphs, we need to distinguish whether the number of
cuts which enclose a vertex, edge or cut is even or odd.

Definition 2.7 (Evenly/Oddly Enclosed, Pos./Neg. Contexts).

Let & = (V,E,v, T,Cut,area) be a relational graph with cuts. Let x be an
element of VUEUCutU{T} and set n := |{c € Cut |z € <[c]}|. If n is even,
x is said to be evenly enclosed, otherwise x is said to be oddly enclosed.

The sheet of assertion T and each oddly enclosed cut is called a positive
context, and each an evenly enclosed cut is called negative context.

Now we have the following: If k is a vertex or an edge, then k is evenly
enclosed iff k is placed in a positive context, and k is oddly enclosed iff k is
placed in a negative context. Thus, we will sometimes say that an element x
be an element of VUFEUCutU{T} is positive enclosed if z is evenly enclosed,
and that z is negative enclosed if z is oddly enclosed.

We will only consider graphs in which vertices must not be deeper nested
than any relation they are incident with. This is captured by the following
definition:
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Definition 2.8 (Dominating Nodes).

If ctz(e) < ctz(v) (& e <v) for every e € E and v € V,, then & is said to
have dominating nodes.

2.2 Concept Graphs with Cuts

The structure of simple concept graphs with cuts is derived from the structure
of relational graphs with cuts. This is done by additionally labelling the
vertices and edges with concept names and relation names, respectively, and
by assigning a reference to each vertex. In particular all definitions concerning
relational graphs with cuts (like Def. 2.2 or Def. 2.6) can be transferred to
concept graphs with cuts.

We start with the definitions of the underlying alphabet (which — for concep-
tual graphs — is called the support, taxonomy or ontology by other authors),
that is we start with an underlying set of variables, and with names for ob-
jects, concepts and relations. The variables and names will be needed both
in concept graphs and in first order logic. The sets of concept names and
relation names are ordered. These orders represent the conceptual ontology
of the domain we consider. In contrast, all object names are defined to be
incomparable?. But we will define that the generic marker ‘+’ well be greater
than each object name, because the generic marker is a ‘more general name’
than each object name (this will be important in the Beta-versions of the
rules ‘generalization’ and ‘specialization’: In positive enclosed concept boxes,
it will be allowed to replace object names by the generic marker *, and in
negative enclosed concept boxes, it will be allowed to replace the generic
marker * by arbitrary object names).

Definition 2.9 (Alphabet).

1. Let Var := {x1,22,23,...} be a countably infinite set of signs.> The el-
ements of Var are called variables. Let % be another sign, the generic
marker. Furthermore we assign to each variable o € Var a new sign *,,
an indexed generic marker.

2. An alphabet is a triple A:= (G,C,R) of disjoint sets G, C, R such that

— G is a finite set whose elements are called object names,*

- (C,<c) is a finite ordered set with a greatest element T whose elements
are called concept names, and

2 In [81], implications between objects are considered.

3 We will use the letters x,y,u,v for variables, too. Furthermore we will use the
Greek letter ‘a’ to denote variables, i.e. ‘@’ is a metavariable.

4 The letter G stands for the German word ‘Gegensténde’, i.e., ‘objects’. This letter
will recur when we define formal contexts where we have a set G of objects.
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- (R,<Rr) is a family of finite ordered sets (Ri,<w,), k=1,...,n (for
an n € N) whose elements are called relation names. Let =€ Ry be a
special name which is called identity.?

On G U {x} we define an order <g such that * is the greatest element
G U {x}, but all elements of G are incomparable.

Next, we assign object names and concept names to vertices, and we assign
relation names to edges.

Definition 2.10 (Simple Concept Graph with Cuts).

A simple concept graph with cuts and variables over the alphabet A is a
structure & := (V, E,v, T, Cut, area, k, p) where

- (V,E,v, T,Cut,area) is a relational graph with cuts that has dominating
nodes,

- k:VUE — CUR is a mapping such that (V) C C, k(E) C R, and all
e € F with |e| = k satisfy x(e) € R, and

~p: V= GU{x}U {*4|a € Var} is a mapping.”

If additionally p : V. — G U {x} holds, then & is called (existential) simple
concept graph with cuts over the alphabet A.2 The set of these graphs is
denoted by CGA. If the alphabet is fized, we sometimes write CG. If even
p:V — G holds, then & is called nonexistential simple concept graph with
cuts over the alphabet A.

For the set E of edges, let E' .= {e € E|r(e) ==} and E"" .= {e € |
k(e) #=1}. The elements of E'® are called identity-links.

Finally set V* .= {v € V|p(v) = *} and V9 := {v € V|p(v) € G}. The
nodes in V* are called generic nodes.

5 We will usually use the common symbol ‘=" instead of ‘=’, but as we use the
symbol ‘=" in the meta-language, too, sometimes it will be better to use the
symbol ‘=’ in order to distinguish it from the meta-level ‘=*.

This ordering is adopted from Prediger and can be found in other papers, too. But
we want to stress that other orderings are possible, too. In [80], Wille presents an
approach where even the objects are ordered. It turns out that, in this approach,
it is convenient to place variables and the generic marker below (instead above)
all object names.

In [45] Prediger assigned sets of objects instead of single objects to vertices (i.e.
in [45] we have p : V — B(G) U {*} instead of p: V — G U {*}). For concept
graphs with cuts, is not immediately clear what the meaning of a vertex is which
is enclosed by a cut and which contains more than one object. For this reason p
assigns single objects to vertices.

We will use the term ‘existential concept graph’, too. Please do not mistake
existential concept graphs with the existential graphs of Peirce.
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Every mapping on the vertices can naturally be extended to the edges. In
particular, we extend p to the edges via p(e) := (p(v1),...,p(vy)) for e € E
with v(e) = (v1,...,0p).

In the rest of this treatise, we will mainly talk about (existential) simple
concept graphs with cuts over an alphabet A which will be considered to be
fixed, hence we will call them concept graphs with cuts or concept graphs for
short.

The mathematical definitions make up an exact and solid foundation for
concept graphs as syntactical constructs which can serve as a precise refer-
ence and a basis for mathematical proofs on concept graphs. But in order to
work with concept graphs, their mathematical representations are too clumsy
and too difficult to handle. Hence one may prefer the well known graphical
representations for conceptual graphs. As we added cuts as new syntactical
elements to the graphs, we have to explain how concept graphs with cuts are
drawn. This shall be done now.

Usually vertices are as drawn as small rectangles. Inside the rectangle for
a vertex v, we write first the concept name x(v) and then the reference
p(v), separated by a colon. These rectangles are called concept bozes.® This
graphical notation is used in continuous text, too. e.g. we will write ‘let v =

’ instead of ‘let v be a vertex with k(v) = P € C and p(v) = g € @).

An edge ee is drawn as a small oval with its relation name x(e) in it. These
ovals are called relation ovals. For an edge e = (v1,...,v,), each concept
box of the incident vertices v1,...,v, is connected by a line to the relation
oval of e. These lines are numbered 1,...,n. If it cannot be misunderstood,
this numbering is often omitted. There may be graphs such that its lines
cannot be drawn without their crossing one another. In order to distinguish
such lines from each other, Peirce introduced a device he called a ‘bridge’ or
‘frog’ (see [52], p. 55). But, except for bridges between lines, all the boxes,
ovals, and lines of a graph must not intersect. Nearly all graphs which occur
in applications do not need bridges (i.e. they are planar). Finally, a cut is
drawn as a curve (usually an oval) which exactly contains in its inner space
all the concept boxes, ovals, and curves of the vertices, edges, and other
cuts, resp., which the cut encloses (not necessarily directly). To distinguish
the curves of cuts from relation ovals, they are drawn in a different manner.

9 Other authors use the term ‘concepts’ or ‘conceptual instances’ for concept boxes.
We do not adopt these terms because in the framework of contextual logic,
concepts are units of thought which consist of an extension and an intension (and
we will need the term ‘concept’ for this understanding). Concepts should not be
mixed up with objects which belong to a concept (i.e. to its extension). Therefore
the term ‘concept’ should not denote something like concept boxes which refer to
concept names and object names and which therefore are (atomar) judgements.
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In this treatise, they are drawn bold.'® Another possibility is to draw them
in a different colour, e.g. red. The curve of a cut may not intersect any
other curves, ovals or concept boxes, but it may intersect lines which connect
relation ovals and concept boxes.

To illustrate these agreements, consider the following graph over the alphabet
A:= (0, {CAT, ANIMAL, T} ,{cute,=}) in its mathematical form:

6= ({'UlaUQ}’v {€1a€2}’7 {(617 (Ulan))a (625 ('UQ))}a T, {61762}’7
{(Ta {cl})v (Clv {vlv 62})7 (627 {027 €1, 62})},
{(Ula CAT); (U27 ANIMAL)? (ela i)a (627 Cute)}a {(Ul; *)7 (1)2, *)})

In Fig. 2.1, we give one (possible) diagram for this graph. The indices vy,
V9, €1, €2, €1, co do not belong to the diagram. They are added to make the
translation from & to the diagram more transparent. Now one can see that
the intuitive meaning of the graph is ‘it is not true that there is a cat which
is not a cute animal’; i.e. ‘every cat is a cute animal’. This will be worked out
in Chap. 9. In Fig. 2.2, we provide an informal way to sketch the quasiorder
< on &.

Fig. 2.1. A diagram for &

T T
(), ] |

C1, U1
[:] (=) [ANIMAL:* ‘
] Cc2, €1, V2, €2

Fig. 2.2. The quasiorder < for &

10 Unfortunately, this does not correlate to the way how existential graphs are
usually drawn. In existential graphs, the lines of identity are usually drawn bold,
and the cuts are usually drawn normal. See for example the Sect. 1.1, [42] or [52].
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Another example is the following graph:

¢ = ({vla UQ}; {61, €2, 63}7 {(617 (Ul)), (62, (vla UQ))? (63, (1)1,’02))}, T,
{Cla C2, 63}7 {(Ta {Ul; C1, cQ})a (01, {61}), (CQa {UQ, €2, 63})7 (637 {63})}a
{(v1, CAT), (v2, LASAGNE), (e, slim), (eq, see), (e3, eat) },

{(v1, %), (v2,%)})

One diagram for &’ is provided in Fig. 2.3. With this diagram it is easy to
see that the meaning of &’ is ’there is a cat which is not slim and which eats
every lasagne it sees’. In the context of comics, this graph evaluates to be
true (a cat fulfilling the graph is Garfield). The quasiorder < is sketched in
Fig. 2.4.

Fig. 2.3. A diagram for &’

T [caTH

' ] T,v1
() Gimp () (ee) [LASAGNE RN
)

Ci, €1 C2, €2, VU2
ampe |
‘3 cs, €3

Fig. 2.4. The quasiorder < for &’

For the further treatise, especially for the calculus, the notion of a subgraph
is needed. We distinguish between subgraphs and closed subgraphs. Informally
spoken, a subgraph is a part of a graph placed in a context ¢ such that

— if the subgraph contains a cut d, then it contains all what is written inside
d, i.e. <[d],

— every element of the subgraph is enclosed by another cut of the subgraph
or by ¢, and

— if the subgraph contains an edge, then it contains all vertices which are
incident with the edge.
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Furthermore, if for each vertex of a subgraph all incident edges are part of the
subgraph, too, then the subgraph is called a closed subgraph. Before giving a
formal definition for this, we provide some examples.

In the first example, the marked substructure contains a cut d, but it does
not contain all what is written inside d. In the second example, the concept
box is not enclosed by any context of the substructure. In the last
example, the substructure contains the edge with the relation name S, but is
does not contain the incident vertex . Hence, in none of the examples
above the marked substructure is a subgraph.

These marked substructures are subgraphs in the outermost cut which are
not closed. Note that subgraphs are not necessarily connected.

In the last two examples, the marked substructures are closed subgraphs in
the outermost cut.

The notion of a subgraph will become precise through the following definition:

Definition 2.11 (Subgraphs).

Let & := (V, E,v, T,Cut,area, k, p) be a concept graph with cuts. The graph
& = (VI E' Vv, T Cut' ared k', p') is called a subgraph of & in the con-
text T/ if

- V' CV,E' CE, Cut' CCut and T' € CutU{T},

— the mapping V' is the restriction of v to E' (and therefore well defined),

— the mappings k' and p' are the restriction of k to V' U E' and p to V',
respectively,

— ared (T'") = area(T")N (V' U E' U Cut’) and ared’(¢') = area(c’) for each
c e Cut'

~ ctx(z) € Cut’ U{T'} for each x € V'UE' UCut’' , and

~ Ver TV’ for each edge ¢’ € E' .
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We write: ' C & and area™1(®') = T resp. ctx(&') = T'.

If we additionally have E, € E' for each vertex v’ € V', then &' is called
closed subgraph of & in the context T’ .

Note that the condition area’(¢’) = area(c’) for ¢ € Cut’ yields that we have
<[] C V'UE'UCut for each ¢/ € Cut’. In particular, Cut’ is an ideal in
Cut U{T} (i.e. we have that ¢/ € Cut’ and d < ¢ imply d € Cut’), but in
general, Cut’ U {T'} is not an ideal in Cut U {T} (there may be contexts
d € area(T') which are not a element of Cut’ U {T'}).

As subgraphs are, similar to elements of EUV UCutU{T}, placed in contexts,
we can apply Def. 2.6 and Def. 2.7 to subgraphs as well. Hence we say that
subgraphs are (directly) enclosed by cuts, and we distinguish whether they
are evenly or oddly enclosed.

Finally we want to point out that subgraphs are indeed concept graphs.

We need to define when two concept graphs are isomorphic. Though this
definition is technical and not too short, it is rather straightforward.

Definition 2.12 (Isomorphism).

Let &, := (V;, E;,v;, T4, Cut;, area;, ki, p;), © = 1,2 be two simple concept

graphs with cuts. Then f = fy U fgU fcu is called isomorphism, if

- fv : Vi — V4 is bijective,

— fe : By — Es is bijective,

— fout : Cuty U{T1} — Cuta U{T2} is bijective with fou:(T1) = T2,

such that the following conditions hold:

- Each e = (v1,...,v,) € E1 satisfies fr(v1,...,vn) = (fr(v1),..., fv(vs))
(edge condition,),

- flareai(c)] = areaz(f(c)) for each ¢ € Cuty U{T1} (cut condition),
(with flarear(c)] = {f(k)|k € areai(c)}),

= p1(v) = p2(fv (v)) for allv ey,

- k1(v) = ka(fy (v)) for allv € V7 , and
- k1(e) = ka(fr(e)) for alle € Ey .

Furthermore, a notation of a partial isomorphism is needed. The reason for
this is as follows: Most of the rules in the calculus we will present modify
only parts of a graph which are enclosed by a specific context. So we need to
express that the starting graph and the modified graph are isomorphic except
for the area of this specific context.
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Definition 2.13 (Isomorphims except Cuts).

For i = 1,2, let &; := (V;, E;,v;, T;,Cut;,area;, ki, p;), be simple concept
graphs with cuts and ¢; € Cut; U {T;} contexts. Let E! :=={e € E;|e £ ¢;},
Vi={veVi|lvLe} and Cut/! == {d € Cut, U{T;}|d £ ¢;} fori=1,2.
Then f = fy U fgU fous s called isomorphism except for ¢; € Cut; U {T1}
and ¢ € Cuto U{T2} if

- fv : V| = VJ is bijective,
- [ : E{ — E} is bijective,
— fout : Cuty’ — Cuty is bijective with fou:(T1) = T2,

such that the following conditions hold:

- For e = (v1,...,v,) € Ef it holds fe(v1,...,vn) = (fv(v1),..., fv(ve))
(edge condition,),

— flarea(c)] = ared’ (f(c)) for each c € (Cuty") (cut condition),
~ p1(v) = p2(fv (v)) holds for all v e Vy ,

- k1(v) = Ka(fv (v)) for allv e V] , and

- k1(e) = ka(fr(e)) for alle € EY .

Please note that we have defined Cut;’ := {d € Cut; U{T;}|d £ ¢;} instead
of Cut; :={d € Cut; U{T;}|d £ ¢;}. This yields that we have ¢; € Cut} for
i =1,2 (but not v; € V/ for v; € area(c;) NV;, i = 1,2 and not e; € E! for
e; € area(c;) NE;, i =1,2).

To see examples for Def. 2.13, look at the example for the iteration-rule in
Alpha on p. 52 and at Example 10.2 on p. 110 for the iteration-rule in Beta.
In both examples, a subgraph of a graph is iterated into a cut. The starting
graph and the modified graph are isomorphic except for the cut the subgraph
is iterated into.

Finally, we have the possibility to write several graphs side by side. This is
a common operation on concept graphs which is called juxtaposition. Math-
ematically, it is the disjoint!! union of a set of graphs, which is captured by
the next definition.

Definition 2.14 (Juxtaposition).

Let n € Ny and &; := (V;, E;,v;, T, Cut;, area;, ki, p;) be a concept graph
with cuts for i = 1,...,n. The juxtaposition of the &; is defined to be the
following concept graph & := (V, E, v, T,Cut,area, k,p):

1 In order to ensure that the graphs are disjoint, a simple technical trick — all sets
of the ith graph are indexed by i — is applied in the definition.
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,,,,

— fore=(vi,...,vn) € E, let v((e, 7)) := ((v1,9),..., (vn,1)) ,

— T arbitrary element,

- Cut ==, Cut; x {i} ,

— area is defined as follows: area((c,1)) = area;(c) x {i} for ¢ € Cut;
area(T) = U=, area;(T;) x {i}

— k(k,i) = kKi(k) for alk e VUE andi=1,...,n, and

- ple,i) :=pi(k) foralle € E andi=1,...,n .

In the graphical notation, the juxtaposition of the &; is simply noted by writing
the graphs next to each other, i.e. we write:

6 6y ... G,

We want to point out that the juxtaposition of an empty set of concept
graphs is allowed, too. It is easy to see that the juxtaposition of an empty
set of concept graphs yields the empty concept graph.



3 Overview for Alpha

We start our investigations with nonezistential concept graphs with cuts,
i.e., concept graphs without generic markers. The approach for nonexistential
concept graphs with cuts is straight forward: It is based on syntax, semantics,
and a calculus which is sound and complete.

As the syntax for these graphs is already defined in Chap. 2, we start by
providing the semantics. The semantics we present are contezrtual, that is they
are based on power context families (i.e., families of formal contexts, as the
are introduced in FCA). They are similar to classical relational models as they
are used in FOL, but in contrast to those, they bear intensional information,
too. We will approach this subject in the part Beta of this treatise. In the part
Alpha it is enough to present the basic notions of FCA and the contextual
semantics.

In the following chapter we present the calculus for nonexistential concept
graphs. It is based on the calculus of Charles S. Peirce for existential graphs.
This calculus has five rules, and these rules are adapted for concept graphs.
But the calculus for concept graphs contains additional rules. In Sect. 5.1 we
present the calculus in common language as well as in a precise mathematical
way. To understand what the rules are doing, the descriptions in common
language are easier to understand, but these descriptions may be ambiguous.
Hence the mathematical definitions are needed to clarify and to explain in a
mathematically precise way the common language descriptions. In the next
section we provide some examples and heuristics for the rules. In Sect. 5.3
we provide some simple theorems and show that the rules are sufficient to
transform each graph into some kinds of normal forms.

In Chap. 6 we mainly show that the calculus is sound and complete with
respect to the given contextual semantics. In Sect. 6.1 we start with the
proof of the soundness. As the rules of the calculus are very powerful, it will
turn out that this proof is not trivial. In Sect. 6.2 we construct for each graph
which is not contradictory a model which fulfills the graph, and from this we
immediately conclude that the calculus is complete, too. The idea for this
proof is adopted from the usual way to show that propositional calculi and
first order calculi are sound. We have already mentioned that the calculus
contains the concept graph version of Peirce’s rules for existential graphs and
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some further rules. In Sect. 6.3, we show for each of these additional rules
that the calculus is strictly weakened if that rule is omitted, i.e., the new rules
are necessary to get a complete calculus. In particular we see that Peirce’s
rules are not sufficient in the system of concept graphs with cuts, i.e., they
do not form a complete calculus.



4 Semantics for Nonexistential Concept
Graphs

In this chapter we provide a semantics for nonexistential graphs with cuts.
In literature we find different kinds of semantics for conceptual graphs:

— a direct extensional semantics,

a translation to FOL by the ‘well-known’ operator @,

— the game-theoretical semantics by Hintikka and

the contextual semantics by Prediger and Wille.

The direct extensional semantics was presented in [9], but is was rarely used.

The translation to FOL is the most established semantics for conceptual
graphs (see for example [1], [11], [7], [59], [60], [62], [58], [64], [65], [70]). Note
that this semantics is given by translating one syntactically given structure
into another syntactically given structure. For this reason, in our view this
use of the term ‘semantics’ is not appropriate. But the classical extensional
semantics of FOL-formulas (i.e., relational structures) can serve via the op-
erator @ as extensional semantics for conceptual graphs as well. We will
re-assume and work out this approach in the Beta-Part of this treatise (in
particular in Sect. 9.3).

The game-theoretical semantics of Hintikka (see [24], [62]) is closely related
to the endoporeutic method of Peirce, which yields the meaning of existential
graphs. In this treatise, you find more on the endoporeutic method in Sect.
9. For a further discussion we refer to [52].

The semantics which will be used is this treatise is the contextual semantics
which is based on Formal Concept Analysis, as it was introduced by Wille in
[75] and worked out by Prediger in [44] for concept graphs without negations.?
Thus, the underlying structure of the models will be so-called power context

! We want to remark that only Prediger implements a strict separation between
syntax (concept graphs) and semantics (power context families). For the purpose
of this treatise, in particular for the proof that concept graphs with cuts and first
order logic are equivalent (which will be done in the part Beta of this treatise),
this separation is convenient, so we adopt the approach of Prediger. In contrast
to Prediger, Wille does not separate the syntax of concept graphs: He defines
concept graphs as semantical structures. Thus, as he treats both concept graphs
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42 4 Semantics for Nonexistential Concept Graphs

families. It has to be argued why we do not simply use the ‘classical’ relational
structures of first order logic in our semantics. As Wille says in [75]: ¢ There
is a fundamental reason for associating concept(ual) graphs and Formal Con-
cept Analysis which lies in their far-back reaching roots in philosophical logic
and in their pragmatic orientation; more specifically, both together can play
a substantial role in the formalization of (elementary) logic. [...] Elementary
logic was understood and taught by the traditional paradigm of philosophi-
cal logic based on the three essential main functions of thinking — concepts,
judgements and conclusions.” A formalization of this understanding of logic
is an adaquate approach for knowledge representation and processing, which
is a main goal of conceptual graphs and concept graphs. The formalization
of concepts, particularly the understanding of a concept as a unit of thought
constituted by its extension and intension, has been successfully established
by Formal Concept Analysis. A crucial point is that the extension and inten-
sion of a concept can only be grasped in a fixed universe of discourse, which
is formalized as a so-called formal context. Due to this contextual view, the
sementaics which is presented here is called contertual semantics. In the line
of the philosophical understanding of logic, concept graphs can be understood
as a formalization of judgements, and the deductive procedures on concept
graphs can be understood as a formalization of conclusions. For a deeper
discussion on this topic, we refer to [75]. The mathematical theory of Formal
Concept Analysis is worked out in [19].

If we do not use any cuts, the semantics we present works exactly like the
semantics of Prediger. Thus, it can be understood as an extension of her
approach to concept graphs with cuts. On the other hand, the use of cuts
forces an iterated evaluation of a concept graph with cuts in a model. This
iteration works similar to the endoporeutic method of Peirce, hence it is
similar to the game-theoretical approach of Hintikka. In other words: The
approach in this treatise can be understood as combination of the ideas of
Peirce, Wille and Prediger, and Hintikka.

In concept graph without cuts, only the conjunction of positive information
can be expressed. For this reason it was possible for Prediger to construct
for each concept graph a so-called standard model which encodes exactly
all information of the concept graph. Standard models have been an addi-
tional possibility (besides the entailment relation and the calculus) for doing
reasoning with concept graphs. Even in the theory of semi-concept graphs,
where negation can be expressed on the level on (semi-)concepts (see [28],
[29], [30], [79],[80]), a weaker version of standard models, so-called standard
power context families, can be implemented. We will come back to the no-

and power context families as semantical structures, his approach yields a closer,
more direct connection between these two structures. In particular, he is able to
define concept graphs of power context families, and, vice versa, power context
families of concept graphs.
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tion of standard models in the last chapter of the Beta-part, where Prediger’s
approach is adopted end extended for concept graphs without cuts.

With concept graphs with cuts, negation can be expressed on the level of
judgements.? In particular, the DeMorgan-laws allow us to express the dis-
junction of propositions. But disjunction of propositions cannot be encoded
in standard models. Thus, for concept graphs with cuts, it is unfortunately
not possible to construct standard models.

Now let us recall the basic definition of Wille and Prediger.

Definition 4.1 (Formal Contexts).

A formal context is a triple K := (G, M, I), where G is a set of (formal) ob-
jects, M is a set of (formal) attributes and I C Gx M is an incidence-relation.
A pair (A, B) with A C G and B C M is called a formal concept of K, if and
only if A={g € G|gIn for allbe B} and B = {m € M |aIm for all ac A}.
Ext(A, B) := A is called extension of the concept (A, B), and Int(A, B) := B
is called intension of the concept (A, B). The set of all formal concepts of a
formal context K is denoted by B(K) .

Definition 4.2 (Power Context Families).

A power context family K := (Ko, K1,Ks,...) is a family of contexts Ky, :=
(G, My, It,) that satisfies Go # 0 and Gy C (Go)* for each k € N. Then
we write K = (Giy My, It )ken, - The elements of Gy are the objects of K.
All elements of Uyen, B(Kyx) are called concepts. We set furthermore Ry =
Uken B(Ky), and the elements of Ry are called relation-concepts.

When interpreting a concept graph in a power context family, the object
names of our alphabet will be interpreted by objects, the concept names of
our alphabet will be interpreted by formal concepts of the context Ko, the
relation names of arity k will be interpreted by relation-concepts of Ky, and
this interpretation has to respect the orders on the names. This motivates
the following definition:

Definition 4.3 (Contextual Models).

Let A := (G,C,R) be an alphabet and K be a power context family. Then
we call the disjoint union \ := Ag UXc UAr of the mappings A\g:G — G,
Ae:C — B(Ko) and Ag: R — R a K—interpretation of A if \¢ and A are
order-preserving, and A¢, g satisfy A\c(T) = T, Ar(Ri) C B(Ky) for all

2 We have to stress that judgements are asserted propositions, i.e., judgements
claim to be true. For this reason, the negation of a judgement cannot be con-
sidered to be a judgement again. In particular, in our approach it is possible to
build graphs which are contradictory, and these graphs cannot be asserted. In
this case, we speak of ‘propositions’ instead of ‘judgements’.
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k=1,...,n, and (q1,92) € Ert(Ar(=)) & 1 = g2 for all g1,92 € Go. The
pair (K, ) is called contextual model over A or contextual structure over

A3

Recall that mappings on V can naturally be extended to mappings on
E. As )\g is a mapping on the set G of object names, it can be natu-
rally extended to tuples of object names. In particular we set Ag(p(e)) :=

(Ag(p(v1)), .- -, Ag(p(vn)))-

Now we can define whether a concept graph is valid in a contextual structure
over A.

Definition 4.4 (Evaluation).

Let (K, A) be a contextual structure over A and let & be a concept graph. We
evaluate & inductively over ¢ € Cut U{T}. The evaluation of & in a context
c is written (K, X) = &[], and it is inductively defined as follows:

(K, \) E 6] =

- Ag(p(v)) € Ext(Ac(k(v))) for each v € V Narea(c) (vertex condition)
- Xg(p(e)) € Ext(Ar(k(e))) for each e € ENarea(c) (edge condition)

~ (K, \) ¥ 8[¢] for each ¢ € Cut N area(c) (cut condition: iteration over
CutU{T})

For (K,\) | &[T] we write (K,)\) = & and say that & is valid in (K, \)
resp. (K, A) is a contextual model for &.

If we have two concept graphs &1, & such that (K, A) = 6y for each con-
textual structure over A with (K, \) = &1, we write &1 = Ha.

Intuitively, (K, \) = &[c] can be read as (K, \) |= (’5‘<[C]. But generally <[c]
is not a subgraph of &. Therefore this should not be understood as a precise
definition.

Furthermore we want to remark that the semantics we present here does
not require that the graphs have dominating nodes: Definition 4.4 works for
concept graphs without dominating nodes as well. This will be different when
we introduce the generic marker to concept graphs with cuts (see Chap. 9).

3 The name ‘contextual structure’ is chosen according to the term ‘relational struc-
ture’ which is the name for the usual extensional models in FOL (see Def. 8.6)
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In this chapter, in the first section, we will provide a calculus for nonexis-
tential concept graphs with cuts. In the second section we will give some
examples for the rules, as well as some heuristics for their usage. Finally, in
the last section, we will prove some simple meta-theorems, and we will define
some types of normal-forms in which each graph can be transformed.

5.1 Calculus

In this section the calculus for non-existential concept graphs is provided.
It is inspired by Peirce’s calculus for EGs. Particulary, Peirce’s five rules
are adopted, and — except for the empty sheet of assertion — we have no
axioms. For the sake of intelligibility, the whole calculus is first described
using common spoken language, then the mathematical definitions are given.
Definition 5.1 (Calculus for Nonex. Concept Graphs with Cuts).
The calculus for nonexistential concept graphs with cuts over the alphabet A
consists of the following rules:

— erasure

In positive contexts, any directly enclosed edge, isolated vertex, and closed
subgraph may be erased.

— insertion

In negative contexts, any directly enclosed edge, isolated vertex, and closed
subgraph may be inserted.

— iteration

Let &g := (Vo, Eo, vo, To, Cutg, areag, ko, po) be a (not necessarily closed)
subgraph of & and let ¢ < ctx(Bg) be a context such that ¢ ¢ Cuty. Then
a copy of &g may be inserted into c.

— deiteration
If B¢ is a subgraph of & which could have been inserted by rule of iteration,

then it may be erased.
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46 5 Calculus for Nonexistential Concept Graphs

— double cut
Double cuts (cuts c1,co with area(cy) = {ca}) may be inserted or erased.
— generalization

For evenly enclosed vertices and edges, the concept names respectively re-
lation names may be generalized.

— specialization

For oddly enclosed vertices and edges, the concept names respectively rela-
tion names may be specialized.

— isomorphism
A graph may be substituted by an isomorphic copy of itself.
— exchanging references
Let e € E' be an identity link with p(e‘l) = g1, p(e|2) = g2 and ctz(e) =
ctx(e|1) = ctx(e|2). Then the references of v1 and vy may be exchanged.
— merging two vertices

Let v; = and vy = be two vertices with ctx(vi) > ctx(vy).

Then ve may be merged into vy (i.e., vy is erased and, for every edge e € E,
eli = va is replaced by e|; = vy ).

- splitting a vertex

Let g € G. Let v; = be a vertex, incident with relation edges

€1,...,6n, and let ¢ be a context with ctx(vy) > ¢ > ctx(er),. .., ctx(ey,).
Then the following may be done: In ¢, a new vertex vy = is inserted.
On ey, ..., ey, arbitrary occurences of vi may be substituted by vs.

— T-erasure

For each object name g, an isolated vertex may be erased from ar-
bitrary contexts.

— T-insertion
For each object name g, an isolated vertex may be inserted into
arbitrary contexts.

— identity-erasure
Let g € G, let v1 = and vg = be two vertices. Then any
identity-link between v1 and vy may be erased.

— identity-insertion

Letg e G, let vy = , Vg = be two vertices in contexts cy, ca,

resp. and let ¢ < c1,ca be a context. Then an identity-link between v and
ve may be inserted into c.
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These rules have to be written down mathematically. Here are the appropriate
mathematical definitions:

— erasure and insertion, T-erasure and T-insertion, identity-erasure
and identity-insertion

We first provide general definitions for inserting and erasing vertices, edges
and closed subgraphs.

Let e € E be an edge with ctz(e) = c.

Let &) := (V) E©) ) T Cut® areal®, k), pl¢)) be the following
graph:

-V =V

~ E© = E\{e}

— e .= V] g

- TE@O =T

~ Cut'® := Cut

— area'®(d) := area(d)\{e} for all d € Cut(®) U {T()}
— k) = K|y @urE©

S @ =

Then we say that &) is derived from & by erasing the edge e from the
context ¢, and & is derived from &(©) by inserting the edge e into the context
c.

Let v € V be an isolated vertex (i.e., £, = ) with ctz(v) = c.

Let ) = (V) E® ») T Cut® area®, k), p()) be the follow-
ing graph:

- V@ = V\{v}

- EW .= F

— W =y

- TO =T

~ Cut) := Cut

— area') (d) := area(d)\{v} for all d € Cut™) U {T®)}
- Ii(v) = K|V(v)uE(v)

_ p('U) = pr(l’)

Then we say that &) is derived from & by erasing the vertex v from the
context ¢, and & is derived from &) by inserting the vertex v into the
context c.



48

5 Calculus for Nonexistential Concept Graphs

Let & := (V, E,v, T, Cut, area, k, p) be a concept graph which contains the
closed subgraph & := (Vo, Eo, vo, To, Cutg, areag, o, po)-

Let & := (V' E', V', T',Cut’,ared’, k', p') be the following graph:

- V'=V\W
- E'=E\E,
- v i=v|p
- T':=T

— Cut’ := Cut\Cuty
B S area(d) d # To
area’(d) := {area(d)\(Vo UFEoUCuty) d=To"

— K= Rlyue

= o= plv
Then we say that &’ is derived from & by erasing the subgraph &q from

the context To, and & is derived from &’ by inserting the graph &g into
the context Tg.

Now the rules erasure and insertion, T-erasure and T-insertion, identity-
erasure and identity-insertion are restrictions of the general definitions
above:

— erasure and insertion

Let & be a concept graph and let k be an isolated vertex, an edge or
a subgraph of & with ¢ := ctz(k), and let &’ be obtained from & by
erasing k from the context c. If ¢ is positive, then &’ is derived from
® by erasing k from a positive context, and if ¢ is negative, than &’ is
derived from & by inserting k into a negative context.

— T-erasure and T-insertion

Let & := (V,E,v, T, Cut, area, k, p) be a concept graph and let v € V be
a vertex with E, = () and k(v) = T, and let g = p(v). Let &’ be obtained
from & by erasing v from the context ctxz(v). Then &' is derived from &

by erasing the isolated vertex v = , and & is derived from &’ by

inserting the isolated vertex v = .

— identity-erasure and identity-insertion

Let & := (V,E,v, T,Cut,area, k,p) be a concept graph and let e =
(v1,v2) € E® be an edge with x(e) = = and p(v1) = p(v2) = g € G.
Let &' be obtained from & by erasing e from the context ctz(e). Then

®’ is derived from & by erasing an identity link between v, =
and ve = , and & is derived from &’ by inserting an identity link

between v, = andve =| Py :g|
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— iteration and deiteration

Let & := (V, E,v, T,Cut, area, k, p) is a concept graph with the (not nec-
essarily closed) subgraph &g := (Vy, Eo, vo, To, Cuty, areag, ko, po) and let
¢ be a context with ¢ ¢ Cuty.

Let & := (V/,E',v/, T',Cut’,ared’, k', p') be the following graph:

- V' =Vx{1} U Vpx{2}

- E':=Ex{l} U Eyx{2}

- v ((e,4)) = (v1,4),. .., (vn, 7)) for (e,i) € E' and v(e) = (v1,...,05)

- T =T

= Cut’ := Cutx{1} U Cutox{2}

— area’ is defined as follows:
for (d,i) € Cut’ and d # c let area’((d, 1)) := area(d) x {i} and let
area’((c,1)) := area(c) x {1} U areao(To)x {2}

— k' ((k,4)) := (k) for all (k,i) € V'UE’

= ' ((v,4)) = p(v) for all (v,3) € V’

Then we say that &’ is derived from & by iterating the subgraph &g into
the context c and & is derived from &’ by deiterating the subgraph &g from
the context c.

— double cuts

Let & := (V, E,v, T,Cut,area, K, p) be a concept graph and ¢1,ce € Cut
such that area(ci) = {ca}. Let ¢ := ctx(c1) (i.e., c1 € area(cp)) and set
& = (V,E, v, T,Cut’,ared, k, p) with

— Cut’ := Cut\{c1, 2}

B Jon area(d) for d # ¢

area’(d) := {area(co) Uarea(cz) for d = ¢y’

Then we say that &’ is derived from & by erasing the double cuts cy,c
and & is derived from &' by inserting the double cuts c1,cs.

— isomorphism

If ® and &' are isomorphic, then we say that &’ is derived from & by
substituting & by an isomorphic copy of itself.

— generalization and specialization
Let & := (V,E,v, T,Cut,area, k,p) be a concept graph and vy € V be
a vertex and ey € E an edge. Let C' € C be a concept name such that

C > k(v) and R € R be a relation name such that R > x(e). Set &’ :=
(V,E,v, T,Cut,area, ', p) with
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w) = {2

If ctx(vg) is a positive context, then we say that &’ is derived from & by
generalizing the concept name of vo, and if ctx(vy) is a negative context,
then we say that & is derived from &’ by specializing the concept name of
9-

Analogously for e, set " := (V, E,v, T, Cut, area, k", p) with

o) = {2 e

If ctx(ep) is a positive context, then we say that &’ is derived from & by
generalizing the relation name of eg. If ctz(ep) is a negative context, then
we say that & is derived from &’ by specializing the relation name of eg.

— exchanging references
Let & := (V, E,v, T, Cut,area, k, p) be a concept graph and let e € E‘ be
an identity link with ctz(e) = ctac(e|1) = ctac(e|2).
Let & := (V, E,v, T, Cut,area, k, p') with
p(v) v #el,.el,
/ /
PV =V, )= plel,) v=re|
Then we say that &' is derived from & by exchanging the references of vy
and vs.
— merging two vertices and splitting a vertex

Let & := (V,E,v, T, Cut, area, k, p) be a concept graph. Let vy, vs be two
vertices with p(v1) = p(v2) (€ G), ctx(v1) > ctz(vz), and k(vy) = T. Let
& = (V' E VT, Cut' ared k', p') be the following graph:

- V=V \{wa}

- F =F

— 1/ is defined as follows: For 1/(6)‘1. =vlet V/(e)‘4 = {UU z 7 22 :
i 1 B

— Cut' == Cut

~T':=T

— ared(d) := area(d)\{vz} for all d € Cut’ U {T'}

- & = Klyue

== plv

Then we say that &’ is derived from & by merging v into v; and & is
derived from &’ by splitting v;.
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Based on the calculus, we can now define the syntactical entailment relation.

Definition 5.2 (Syntactical Entailment Relation).

Let &, & be two nonezistential concept graphs. Then &, can be derived from
&, (which is written &, = &), if there is a finite sequence (&1, Ba, ..., &,)
with &1 = &, and &, = &, such that each &, is derived from &; by
applying one of the rules of the calculus. The sequence is called a proof for
B, F &,. Two graphs &1, &5 with &1 F G and &y F By are said to be
provably equivalent.

If 9 = {®;|i € I} is a (possibly empty) set of nonexistential concept
graphs, then a graph & can be derived from $) if there is a finite subset
{&1,...,6,} C9H with &, ..., - & (remember that G, ... 8, is the juxta-
position of &1,...,B,).

5.2 Remarks

In this section we provide an overview and some heuristics for the calculus
we presented.

First we want to point out that all the rules are in some sense dually sym-
metric with respect to positive and negative contexts (this will be discussed
in Detail in Sect. 14.4). More precisely, every rule which can be applied in
one direction in positive contexts can be applied in the opposite direction in
negative contexts, and vice versa. So if a rule can only be applied in positive
contexts, this rule has a counterpart for negative contexts (see the pairs it-
eration/deiteration and specialization/generalization). All other rules apply
to both positive and negative contexts.

The first five rules (erasure, insertion, iteration, deiteration, double cut) are a
‘concept graph version’ of the original rules of Peirce’s calculus for existential
graphs. The further rules are needed to encompass the orders on the concept-
and relation names, to encompass the special properties of the concept name
T and the relation name = and to deal with the possibility that different
vertices can have the same reference.

In the following we go into detail for each rule. In particular we will provide
some examples on how the rules are applied, and we will provide examples
to show why some of the restrictions in the rules are necessary.

— erasure, insertion

This is the first pair of rules which are dually symmetric to each other. Of
course the operation ‘erasure’ is inverse to the operation ‘insertion’. But
the rule ‘erasure’ may only be applied in positive contexts, and the rule
‘insertion”’ may only be applied in negative contexts. Hence an application
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of the rule ‘erasure’ can not be reversed with an application of the rule
‘insertion’. So if a concept graph &’ is derived from & with one of the
rules ‘erasure’ or ‘insertion’, then we usually have that &’ is more general
than & (i.e,, ® = &', but & £ &). Therefore, these rules cause a loss
of information and are called generalization operations or gemeralization
transformations.

The restriction to closed subgraphs is necessary. To see this, have a look
at the following simple graph with its marked subgraph:

i | T: Mary HlovesH SAILOR: Peter

When this subgraph is erased, we get a structure which is no concept graph
at all.

We want to emphasize that in Peirce’s calculus, these two rules are the
only generalization transformations, and in our calculus, the four rules
‘erasure/insertion’ and ‘generalization/specialization’ are the only gener-
alization transformations. All other rules do not change the information a
graph provides (the conceptual content, as Wille defines in [79] and [80]),
i.e., they transform a graph into an equivalent graph (and are therefore
called equivalence operations or equivalence transformations).

— iteration, deiteration

— We start with an example for the iteration-rule. The subgraph which is
marked by the dotted line is iterated into the cut c.

c T c Ty
Please note that c is a positive cut, hence we cannot derive the right
from the left graph with an application of the insertion-rule.

— If we iterate a cut, we have to iterate all what is scribed inside the
cut, too.! To see this, consider the following example of an ‘incomplete
iteration’:

waneal] ¢ (waveal] ()

1 This condition is captured by the definition of ‘subgraph’.
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— To see that the condition ¢ < ctz(Bg) is necessary to keep the iteration-
rule sound, consider the following example where we have iterated a
concept box ‘out of its cut’:

- (o) s

— To see that the condition ¢ ¢ Cuty is necessary, consider the following
graph & with its subgraph &, (where g is an arbitrary object name):

and & ::

If we iterate &g into the inner cut of & (which belongs to &g, hence the
condition ¢ ¢ Cuty is violated), we get the following graph &'

o | Lgl | [Te] [Tg | | [T:2]

It is easy to see that we & is valid in every contextual model, but &’ is
not valid in any contextual model, hence we have & = &'.

— The rules ‘splitting a vertex’ and ‘merging two vertices’ allow us to apply
the iteration-rule to substructures which have ‘pending edges’ (i.e., edges
such that some of the adjacent vertices do not belong to the substructure)
and therefore are no subgraphs. We exemplify this with the following
example:

Consider the graph
on the right. MAN: Peter WOMAN: Mary ‘

We want to iterate the cut with its enclosed relation ‘loves’. This is no
subgraph.

First, we split the [y N peter WOMAN: Mary

two vertices which

cause the substruc- [ T Peter HlovesH T Mary]

ture to be no sub-
graph.

Now we iterate the MAN: Peter WOMAN: Mary

derived and closed
subgraph.

‘ T :Peter HlovesH T:Mary ‘

——

[ T :Peter HlovesH T:Mary ‘
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After the iteration, S
the splitted vertices loves

oY
and their copies are [y N peter | — | WOMAN: Mary

merged (back) into —

their origins. loves
~——

The whole proof can be carried out in both directions, i.e., the first graph
can be derived from the last one. Moreover, a different application of the
iteration-rule in step 3 yields that the graph we started with is provably
equivalent to the following graph.

)
———

— Finally we want to point the following: When a subgraph is iterated,

we generate for each vertex v of the subgraph a copy v’. As both v and
v’ carry the same object name, it it clear that they should refer to the
same object. It will not be clear any longer, when in Chap. 10 of the part
Beta the calculus for existential concept graphs with cuts is presented.
In this calculus, it is allowed to draw an additional identity link between
v and v’. This is in accordance to the iteration-rule in the part Beta
of EGs, which is (in order to encompass the lines of identity) a refined
version of iteration-rule of the part Alpha. In other words: The iteration-
and deiteration-rules for nonexistential concept graphs correspond to
the iteration- and deiteration-rules in the part Alpha of EGs, and the
iteration- and deiteration-rules for existential concept graphs correspond
to the iteration- and deiteration-rules in the part Beta of EGs.

double cut

If we derive a concept graph from the empty sheet of assertion, we can only
start with two rules: double cut and T-insertion. The latter rule provides
only few possibilities to proceed. Experience shows that most proofs start
with adding a pair of cuts to the sheet of assertion with the double-cut-rule.
After this step, an appropriate graph is added to the area of the outer cut
with the insertion-rule. Lots of examples for proofs like this can be found
in Sect. 10.3.

generalization and specialization, T-erasure and T-insertion
All these rules encompass the orders on the concept and relation names.

In other works, the rules ‘generalization’ and ‘specialization’ are sometimes
called ‘restriction’ and ‘unrestriction’, instead (see for example [62]).

The two rules ‘generalization’ and ‘specialization’ make up the other pair
of rules which are generalization transformations and dually symmetric to



5.2 Remarks 55

each other (the first pair is ‘erasure’ and ‘insertion’). One of the rules can
be omitted in the calculus (see Proposition 6.20), but we have added both
rules in order to keep the calculus symmetric (see Chap. 14). However, it
is important to note that we have an asymmetry in the alphabet A: We
can generalize each concept name to the name T, but we do not have a
concept name 1.

Moreover, we know more about T than that it is the greatest element of
all concept-names. The symbol ‘T’ stands for ‘true’, it is the ‘universal
type’ (see [59]). This is reflected by the semantical interpretation of ‘T’
in Def. 4.3: The K—interpretation Ag maps T to the concept which has
every object in its extension. Hence the symbol T has a special meaning
(this has already been stressed by Wermelinger in [70]). As we have just
elaborated, this special meaning is not covered by the rules ‘generalization’
and ‘specialization’ and must therefore be reflected by other rules in the
calculus. For this reason, the T-rules (i.e., T-erasure and T-insertion) are
necessary. In contrast to ‘generalization’ and ‘specialization’, these rules
are equivalence transformations.

isomorphism

The calculus we present here should be understood as a diagrammatic cal-
culus, i.e., all rules can be carried out by manipulating the diagrams of
concept graphs with cuts. But a diagram of a concept graph does not de-
termine the mathematical objects which are represented by concept boxes
or relation ovals, it only determines the relations between these objects.
To see an example for this consideration, we consider the graph & and its
diagram which is shown in Fig. 2.1 on p. 33. In the definition of & we did
not specify the mathematical objects v, va, €1, ea, ¢1, co and T of the
graph. In fact we can choose arbitrary sets for these mathematical objects
(we only have to take into account that {vi,va}, {e1,e2} and {c1,c2, T}
must be pairwise disjoint).

In other words: The diagram of a graph determines the graph only up to
isomorphism, and for this reason the isomorphism-rule is needed. We want
to stress that this is the only rule of the calculus of non-diagrammatic
character. As we will provide examples for concept graphs with cuts by
their diagrams, and as we will carry out proofs with concept graphs in
diagrammatic form, we have the implicit agreement that we usually regard
concept graphs with cuts only up to isomorphism, i.e., concept graphs
which are isomorphic are identified.

This is particularly crucial when the rule ‘deiteration’ is applied to a graph.
In order so see this, consider the following application of the deiteration-
rule:

<

[ MAN: Eva | | MAN: Eva ] - Eva
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On the left, we have the diagram of the following graph:

& = ({vlv '02}7 (Da Q]v Ty, {C}, {(Tlv {C})a (C, {Ula UQ})v
{(vla MAN); (1)2, MAN)}a {(vla EV&); (1)2, EV&)})

The diagram does not specify the mathematical objects vy, vs, ¢, T;.

The graph of the diagram on the right is:
8, = ({v}.0.0. T, {d}, {(T,. {d}), (d {v}). {(v. MAN)}, {(v, Eva)})

As we suppose that &, is derived from &; with the deiteration-rule, we
know that &; is derived from &, with the iteration-rule (applied to the
subgraph which contains only the vertex v). An application of the iteration-
rule to &, yields in fact:

6, = ({('Ua 1)7 (Uv 2)}a 07 (Z)a Tr, {(d7 1)};
{(T.{(d, 1)}), ((d. 1),{(v, 1), (v,2)}),
{((v,1), MAN), ((v,2), MAN)}, {((v,1), Eva), ((v,2), Eva)})

So we see the following: In order to apply the deitaration-rule to &;, we
must have objects v and d such that v; = (v,1), v2 = (v,2) and ¢ = (d,1).
This is not necessarily the case. Thus, before we can apply the deiteration-
rule to &;, we first had to apply the isomorphism-rule which transforms &;
into the isomorphic graph &,.

The best way to avoid this very technical problems is simply identifying
isomorphic graphs. Hence, in the following, we will not mention anymore
any application of the isomorphism-rule.

exchanging references

— This rule replaces the congruence-rule we presented in [13]. In this con-
gruence rule, one reference is replaced by the other one (instead of ex-
changing the references). Unfortunately, a simple example shows that
this congruence-rule is not sound:

[T:Peter@T:Mary ] = [ T:Peter@T:Peter ]

— To see that the condition ctz(e) = ctac(e‘l) = ctac(eb) is necessary,
consider the following examples:

MAN: Peter| {{ = F-HwWoOMAN:Mary| # [WOMAN: Peter (= - IMAN: Mar
e () y () b vy

[ MAN: Peter@WOMAN:Mary‘] - [WOMAN: Peter - =) J
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— identity-erasure and identity-insertion

— We decided to replace the coreference-links of conceptual graphs by iden-
tity links in concept graphs. The reason for this can be found in the mo-
tivation for this treatise (Chap. 1) and in Chap. 14. A first, simple reason
is that identity links can be treated like any other links. For instance, we
can apply the rules ‘specialization’ and ‘generalization’ to identity-links
(this would be more complicated if we used coreference-links). Never-
theless, the relation-name = (and therefore identity links) has a special
meaning which is captured by its interpretation: In Def. 4.3 we assign
the identity relation to the relation name =. The special meaning of =
must be reflected by rules in the calculus. This can be seen in the rules
‘exchanging references’; ‘splitting a vertex’ and ‘merging two vertices’,
where identity links play a special role. However, with these rules it is
not possible to add or remove redundant identity links. Therefore the
rules ‘identity-erasure’ and ‘identity-insertion’ are needed as well.

— Please note that we did not specify how an identity link e which is added
between two vertices v1, vo with the identity-insertion-rule is directed
(i.e., whether we have e|; = vy, e|a = vg or €| = va, e|]a = v1). Of course
this is based on the symmetry of identity.

— The condition ¢ < ctx(v1), ctx(ve) in the rule ‘identity-insertion’ is only
needed in order to obtain a concept graph with dominating nodes.

— merging two vertices and splitting a vertex

— We start with two examples for these rules. In both examples, the right

graph is derived from the left graph by merging |P : a| into |T : a| .
Hence in both examples the right graph can be derived from the left
graph by splitting the vertex . In the right graph of the second

example, we have only one vertex , but it occurs twice on the edge.
So, in order to derive the left graph from the right one, only one of these

two occurences is substituted by .
(R {Pal [[Ta) () [T0]| - (B T

()
Ta S *{Pa] F H

— In order to see that the condition ctz(vq1) > ctz(vz) in the rule ‘merging
two vertices’ is necessary, consider the following two simple examples
(we assume that Yoyo is a cute cat):

¥oyo|([DOG: Yoyol (e | (cue]
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T Yoyol | [CAT: Yoyol-usly) | 1 [CAT: Yoyol {ugy |

— The rules ‘merging two vertices’ and ‘splitting a vertex’ deal with the fact

that one object may be the reference for different vertices. With these
rules it is possible to transform every concept graph into an equivalent
graph in which no cut intersects a relation line (see Lem. 5.8).

It is easy to see that a vertex v; = may be merged into a vertex
Vg = , if both vertices are placed in the same positive context

(this can be done as follows: First vy is generalized to v} = and
then v} is merged into vs). As the generalization rule may only applied
in positive contexts, this is not allowed in negative contexts. However,
the following may be done: If v; = and vy = are placed in
the same negative context and if P; < P, holds, then vy may be merged
into v1. We exemplify this with an example:

In the graph on the
right, we want to [ CAT: Max‘ ‘ANIMAL: Max Hhungry]]
merge right vertex
into the left one.

We split the vertex

-
, CAT: Max ‘ ‘ ANIMAL: Max ‘ ‘ T: Max Hhungry]]
.

The concept name
ANIMAL is special- CAT: Max‘ ‘ CAT: Max ‘ ‘T: Max Hhungry]]
ized to CAT. ~

The isolated vertex

-
1S now CAT: Max‘ ‘T: Max Hhungry]]
-

erased by using the
deiteration-rule.

We merge
into [CAT: Max] [ CAT: Max HhungryJ]

So, finally we have merged | ANIMAL: Max| into | CAT: Max |.

We want to point out that the rules ‘merging two vertices’ and ‘splitting
a vertex’ are often used in a specific manner. First, the rule ‘splitting
a vertex’ is applied to transform a graph into an equivalent graph such
that a certain desired rule can be applied to the new graph. Then this
desired rule is carried out. Finally the application of the rule ‘splitting
a vertex’ is reversed with the rule ‘merging two vertices’.
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We have already provided an example for this strategy in our remarks for
the iteration- and deiteration-rule. In this example, we wanted to iterate
a substructure which was no subgraph. So we used the rule ‘splitting
a vertex’ to transform the substructure into a (closed) subgraph. Then
we were allowed to iterate this closed subgraph. Afterwards we used the
rule ‘merging two vertices’ to merge the splitted vertices and their copies
(the copies we obtained from the iteration-rule) back into their origins.

5.3 Theorems and Normal Forms

In [42] Peirce provided 16 useful transformation rules for existential graphs
which he derived from his calculus. These rules are logical metalemmata in the
sense that they show some schemata for proofs with existential graphs, i.e.,
they are derived ‘macro’-rules. In this section we provide the concept graph
versions for two of these transformation rules. We start with a (weakened)
version of the first transformation rule of Peirce.

Lemma 5.3 (Reversion Theorem).

Let &, and &, be two nonexistential concept graphs. Then we have &, - &,

if and only z'f F .

Proof: Let (&1,8,,...,8,) with &; = &, and &, = &,, be a proof for
&, F B;. Then, due to the symmetry of the calculus, ( , ,
o ) is a proof for F . The inverse direction holds as

O

well.

All rules in the calculus which are applied in a context only depend on
whether the context is positive or negative. In particular if a proof for &, - &,
is given, this proof can be carried out in arbitrary positive contexts. Together
with the previous lemma, this yields the following lemma, which is a combi-
nation of the (full) first and the sixth transformation rule of Peirce. It can
also be found in [62] (from where we adopted the name of the theorem).

Lemma 5.4 (Cut-And-Paste-Theorem).

Let & be a valid nonexistential concept graph and let &,, &y be nonexistential
concept graphs. Then we have:

— If &, is a closed subgraph of the graph & in a positive context, then the
subgraph &, of & may be replaced by Gy, and the resulting graph is still
valid.

— If & is a closed subgraph of the graph & in a negative context, then the
subgraph &, of & may be replaced by &, and the resulting graph is still
valid.
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In particular we have that derivable graphs g (i.e., graphs with b &q) can
be inserted into arbitrary contexts of arbitrary graphs.

Without Proof.

Neither in nonexistential concept graphs with cuts, nor in existential concept
graphs with cuts, we have free vraiables. So it has to be expected that we
can show a concept graph version of the well known deduction theorem. This
is done is the next lemma.

Lemma 5.5 (Deduction Theorem).

Let &, & be two concept graphs. Then &, F &, < F (’5a

Proof: We show both directions separately.

double cut

insertion
|7

iteration

4 7:

Lem. 5.4
g

deiteration

double cut

erasure

&y, O

The following lemma is quite obvious:

Lemma 5.6 (Derivation of Juxtapositions).

Let &, &, and &, be three concept graphs with & = &, and & F &;,. Then
6 &, &

iteration Lem. 5.4 Lem. 5.4
Proof: & + &6 F 6,6 F &6, 6, O
We want to stress that in the preceding lemmata, only the first five rules of the
calculus (i.e., erasure, insertion, iteration, deiteration, double cut) have been
used. This will be important in Sect. 6.3, where we will use these lemmata
in some restricted calculi.
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A well-known standard form for a concept graph is its normal form which
requires that each object name appears at most once as a reference. We will
introduce another standard form for concept graphs which is quite contrary
to the normal-form (it is therefore called anti-normal-form). These notions
are captured by the following definition.

Definition 5.7 (Normal-form and Anti-Normal-Form).

A concept graph is said to be in normal-form if it satisfies the following con-
dition: p(v1) = p(v2) € G = vy = vs.

A concept graph is called free of intersections, if it satisfies the following
condition: Ve€e ENveV.w € V. = ctx(v) = ctz(e).

A concept graph which is free of intersections is said to be in anti-normal-
form, if it satisfies the following conditions:

- Vee EVweVw eV, = k(v)=T
~Ve,feEVi,jeENe# fVi#£j= e #f;

Graphs in anti-normal-form can be understood as fragmented into elementary
graphs (i.e., graphs which carry atomic information) and are therefore easy to
read. The next lemma shows that, using the rules ‘merging two vertices” and
‘splitting a vertex’, each concept graph can be transformed into an equivalent
graph in anti-normal-form.

Lemma 5.8 (Transformation of Graphs into Anti-Normal-Form).

Each concept graph & is provably equivalent to a concept graph in anti-
normal-form.

Proof: Let & := (V, E,v, T, Cut,area, K, p). For each edge e = (v1,...,v,),
e € E and every occurence? of a vertex v; € V., a new vertex ngm is
inserted into ctz(e) and e|; = v; is replaced by e|; := v} (this is an application
of the rule ‘splitting a vertex’). Because all these transformations may be

reversed (with the rule ‘merging two vertices’) the new constructed graph is
equivalent to &. Obviously, the new graph is in anti-normal-form. O

Ezxample 5.9. The following four graphs are equivalent. The first graph is in
normal-form, but is it not free of intersections. The second graph is free of
intersections, but neither in normal nor in anti-normal-form. The third graph
is neither free of intersections, nor in anti-normal-form, nor in normal-form.
The fourth graph is in anti-normal-form.

2 In order to see that for every occurence a new concept box | T : p(v;) | has to

be inserted, look at the second example for the rules ‘merging two vertices’ and
'splitting a vertex’ on p. 57. In this example, we must insert two new vertices.
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‘PERSON : Mary FE(IOVGSH SAILOR: PeterD

Fig. 5.1. A graph which is in normal-form, but which ist not free of intersections.

‘PERSON : Mary‘ OT: Mary HlovesH SAILOR: PeterD

Fig. 5.2. A graph which is free of intersections, but neither in normal nor in anti-
normal-form.

[PERSON: Mary| | T : Mary FE[lovesH T: Pete| [ SAILOR: PeterD

Fig. 5.3. A graph which is neither free of intersections, nor in anti-normal-form,
nor in normal-form.

'PERSON: Mary | O T : Mary [-{loves }-{ T : Pete| | SAILOR: PeterD

Fig. 5.4. A graph which is in anti-normal-form.



6 Soundness and Completeness

In this chapter we will show that the rules of Chap. 5 are sound and com-
plete with respect to the given semantics. In the first section, we will prove
the soundness of the calculus, in the next section we will prove its complete-
ness. In the last section we will show that all rules we have added to the
calculus of Peirce are needed. More precisely: If a correlated pair of rules
(i.e., generalization and specialization, T-erasure and T-insertion, identity-
erasure and identity-insertion, merging two vertices and splitting a vertex) or
the rule ‘exchanging references’ is removed, then the calculus is not complete
anymore.

6.1 Soundness

Most of the rules modify only the area of one specific context ¢ (for example,
the rule ‘erasure’ removes edges or subgraphs from the area of a positive
context). If a graph &’ is derived from a graph & by applying one of these
rules (i.e., by modifying a context ¢ in the graph &), ® and &’ are isomorphic
except for c. As it has to be shown that no rule can transform a valid graph
into a nonvalid one, the next theorem is the basis for proving the soundness
of most rules.

Theorem 6.1 (Main Theorem for Soundness of Alpha).

Let & .= (V,E,v, T,Cut,area, k,p), & = (V,E' VT Cut',ared &', p’)
be two nonexistential concept graphs with cuts and let f = fv U fg U fou be
an isomorphism from & to & except for c € CutU{T} and ¢’ € Cut' U{T'}.
Let (K, A) be a contextual model. Let P(d) be the following property for Cuts
de CutU{T}:

— If d is positive and (K, \) |= ®[d], then (K, ) £ &'[f(d)], and
— If d is negative and (K, \) £ ®[d], then (K, \) [ &'[f(d)].

If P holds for ¢, then P holds for each d € (Cut U{T}) with d £ c. In
particular follows (K, \) = &' from (K, \) = @.

F. Dau: The Logic System of Concept Graphs with Negation, LNAI 2892, pp. 63-80, 2003.
© Springer-Verlag Berlin Heidelberg 2003
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64 6 Soundness and Completeness

Proof: We set D := {d € Cut U{T}|d &£ c}. D is a tree such that for each
d € D with d # c and each e € Cut U {T} with e < d we have e € D. For
this reason we can carry out the proof by induction over D. So let d € D,
d # ¢ (we know that c satisfies P) be a context such that P(e) holds for all
cuts e € area(d) N Cut.

First Case: d is positive and (K, \) | &[d].

We have to check the vertex-, edge- and cut-conditions for f(d). We start with
the vertex conditions for f(d), i.e., for vertices v’ € V' with ctz’(v') = f(d).
For each v € V with ctx(v) = d, it holds p(v) = p'(f(v)) and k(v) = £'(f(v)),
hence Ag(p(v)) € Ext(Ac(r(v))) <= Ag(p'(f(v))) € Ext(re(w'(f(v)))). As

fv is a bijection from area(d) NV to area’(f(d))NV’, we gain the following:
All vertex conditions in d hold iff all vertex conditions in f(d) hold.

The edge conditions are checked analogously.

From (K, \) = ®[d] we get (K, \) £ ] for all cuts e € area(d). These cuts
are negative and are mapped bijectively to the cuts ¢’ € area(f(d)). As they
are negative, we conclude from the induction hypothesis or the presupposition
that (K,\) & &'[f(e)] for all cuts e € area(d), ie., (K,\) £ &'[¢/] for all
cuts €’ € ared’(f(d)).

As we have checked all conditions for f(d), we get (K, ) = &[f(d)].
Second Case: d is negative and (K, \) £ &[d].

This is shown analogously to the first case. O
With this lemma, we can prove the correctness of the rules.

We start with the soundness of the rules ‘iteration’ and ‘deiteration’.

Lemma 6.2 (Iteration and Deiteration are Sound).

If & and &' are two nonexistential concept graphs with cuts, (K, A) is a
contextual structure with (K, \) = & and &' is derived from & by applying
one of the rules ‘iteration’ or ‘deiteration’, then (K,\) = &'.

Proof: Let &g := (W, Eo, 10, To, Cutg, areag, ko, po) be the subgraph of &
which is iterated into the context ¢ < ctz(®g), ¢ ¢ Cuty. We use the math-
ematical notation which was given in Sect. 5.1. In particular, (¢,1) is the
context in &’ which corresponds to the context ¢ in &. There are two cases
to consider:

First Case: (K, \) = &,. From this we conclude the following equivalence:
(K, \) E 6[d <= (K,\) = &'[(¢,1)]. As & and &' are isomorphic except for
the contexts ¢ € CutU{T} and (¢, 1) € Cut’ U{T’}, Thm. 6.1 can be applied
now. This yields

KN E6 = K\NES® . (%)
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Second Case: (K, \) £ ®¢. From this we conclude (K,\) }& &[To] and
(K, A) = &'[(To,1)]. As & and &’ are isomorphic except for the contexts
To € Cut and (T, 1) € Cut’, Thm. 6.1 can be applied now, which yields (k).

The direction ‘=" of (x) yields the correctness of the iteration-rule, the
opposite direction ‘<= yields the correctness of the deiteration-rule. O

Lemma 6.3 (Erasure and Insertion are Sound).

If & and &' are two nonexistential concept graphs with cuts, (K, A) is a
contextual structure with (K, \) = & and &' is derived from & by applying
one of the rules ‘erasure’ or ‘insertion’, then (K, \) £ &’.

Proof: We start with ‘erasure’. Let &¢ := (Vp, Eo, 1o, T o, Cuto, areag, ko, po)
be the subgraph which is erased (the soundness of erasing edges can be shown
analogously). & is erased from the area of the positive context ¢ := Ty.
Obviously, if (K, \) = &[c], then (K, ) = ®'[¢]. Furthermore & and & are
isomorphic except for ¢ € Cut U{T} and ¢ € Cut’ U{T'}, hence Thm. 6.1
can be applied now. This yields (K, A EG.

The soundness of the insertion-rule is proven analogously. a

Lemma 6.4 (Double Cut is Sound).

If & and &' are two nonexistential concept graphs with cuts, (K, A) is a
contextual structure with (K, A) = & and & is derived from & by applying
the rule ‘double cut’, then (K,\) = &'

Proof: Let & and &’ be two concept graphs such that & is derived from &’
by erasing two cuts ¢, co with area(c1) = {ca}. We set ¢ := ctxz(cq). We want
to apply Thm. 6.1 and therefore have to show that property P of Thm. 6.1
is valid for ¢ € & and ¢ € &’. We have

ared’(c) = (area(c) Uarea(ca))\{c1} (%)
With (%) we get
(K, = &[]
plin (K, \) fulfills all vertex-, edge- and cut-conditions of area(c)
— (K, \) fulfills all vertex-, edge- and cut-conditions of area(c)\{c1}

)

)
and (K, \) [£ &ci]

— (K, \) fulfills all vertex-, edge- and cut-conditions of area(c)\{c;}
and (K, \) & &[c,]

L (K, A) fulfills all vertex-, edge- and cut-conditions of area’(c)

2 (R, ) = 6]

Now Thm. 6.1 yields that we have (K, \) = & < (K, \) |= &' O



66 6 Soundness and Completeness

Lemma 6.5 (Specialization and Generalization are Sound).

If & and &' are two nonexistential concept graphs with cuts, (K, A) is a
contextual structure with (K, \) = & and &' is derived from & by applying
one of the rules ‘specialization’ or ‘generalization’, then (K, \) = &'.

Proof: Let &' is derived from & by generalizing the concept name of a vertex
vg. Let ¢ := ctz(vg). Now, analogously to the proof of Lem. 6.3, we see that
® and &' are isomorphic except for ¢ € Cut U{T} and ¢ € Cut’ U{T'}, and
if (K, ) = &[], then (K, \) E &[c]. Hence Thm. 6.1 yields (K, \) | &'.
The soundness of the specialization-rule is proven analogously. o
The remaining rules ‘merging two vertices’, ‘splitting a vertex’, ‘identity-
erasure’, ‘identity-insertion’, ’T-erasure’, and ‘T-insertion’, and ‘exchanging
references’ do not change the ‘informational content’ of any cut at all. Thus,
their soundness could be shown without an application of Thm. 6.1.

Lemma 6.6 (Merging and Splitting Vertices is Sound).

If & and &' are two nonexistential concept graphs with cuts, (K, A) is a
conteztual structure with (K, A) E & and &’ is derived from & by applying one
of the rules ‘merging two vertices’ or ‘splitting a vertex’, then (K, \) = &'.

Proof: Again we use the mathematical notation which was given in Sect. 5.1.
So let the concept graph &’ := (V' E' v/, T',Cut’,ared’, k', p') be derived
from & := (V, E,v, T, Cut,area, k, p) by merging v, into v;.

VU £ Uy

Let e € E be an edge with v(e)|; = v. Then we have z/(e)|i = {v o
10 =12

As we have p(v2) = p(v1), we get p(e) = p’(e). So the edge conditions in &
and &' are exactly the same.

The vertex conditions in & and &’ are exactly the same, too, except for the
vertex ve which is erased from &. As of k(vy) = T, the vertex condition
for ve in & is trivially fulfilled (hence (K, \) & &[] <= (K, \) | &'[¢] for
¢ := ctx(ve)).

To summarize: In & and &', except for one trivially fulfilled vertex condi-

tion in &, the same vertex- and edge-conditions have to be checked. So, by
induction over Cut U {T}, we see that we have

(K, ) E 8[d < (K, )) &= &'[d]
for each cut d € Cut. In particular we have
KN E6 = KN E® (%)

The direction ‘=" of (x) yields the correctness of ‘merging two vertices’-
rule. The opposite direction ‘=" of (x) yields the correctness of ‘splitting a
vertex’-rule. o
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Lemma 6.7 (Identity/ T-Erasure/Insertion are Sound).

If & and &' are two nonexistential concept graphs with cuts, (K, A) is a

contextual structure with (K, A) E & and &' is derived from & by applying
one of the rules ‘identity-erasure’, ‘identity-insertion’, 'T-erasure’, or ‘T-
insertion’, then (K, \) = &’.

Proof: The identity condition for an identity link id € E*® with p(id|;) =
p(id|2) is trivially fulfilled. So we have a situation which is similar to the
situation in Lem. 6.6, where an vertex, whose vertex-condition is trivially
fulfilled, is inserted or erased. The situation is even simpler, as ctx(e) is the
only context which is changed. Hence the correctness of the rules ‘identity-
erasure’ or ‘identity-insertion’ can be shown analogously to Lem. 6.6.

The same holds for the rules ‘T-erasure’ and ‘T-insertion’. O

Lemma 6.8 (Exchanging References is Sound).

If & and &' are two nonexistential concept graphs with cuts, (K, A) is a
contextual structure with (K, \) = & and &' is derived from & by applying
the rule ‘exchanging references’, then (K, \) E &'.

Proof: Let e = (v1,v2) € E* be an identity link such that e and its incident
vertices are placed in the same context c. Set k1 := Ag(p(v1)) and ko :=
Ag(p(v2)). The identity link and its incident vertices lead to the following
identity- and vertex conditions:

in®: k€ Ext(Ac(k(v1))), k2 € Ext(Ac(k(v2))) and ky = ko

in® : ke € Ext(Ac(k(v1))), k1 € Ext(Ae(k(v2))) and ki = ko

These conditions are equivalent. We have that & and &’ are isomorphic except
for the context ¢, and, for each contextual structure (K, ), we have the

equivalence (K, \) = &[d < (K, \) = &'[c].
Again, an argumentation similar to the proof of 6.6 yields that the we have

KN E6 = KNES,

i.e., the rule ‘exchanging references’ is sound. O

From the preceding lemmata the soundness of the calculus follows immedi-
ately:

Theorem 6.9 (Soundness of the Alpha-Calculus).

Two nonexistential, simple concept graph &, & with cuts over A satisfy

L = 6E¢
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6.2 Completeness

As the empty sheet of assertion is always true, the concept graph s
always false.! This leads to the following definition:

Definition 6.10 (Consistent Sets of Graphs).

A set © of concept graphs is called consistent if $ C) does not hold. A
concept graph & is called consistent if {&} is consistent.

The following lemma is well known:

Lemma 6.11.

A set $) of concept graphs & is not consistent if and only if § = & for every
concept graph &',

Proof: Only the direction ‘=" has to be proven. So let &4,...,8,, € $ with
G...6, F D . Let & be the juxtaposition of &q,...,&,. We conclude:

& C) Ded.Theorem -
double_cut - @
insertion - &

Ded.Theorem

= (GRS
RS g e O

Lemma 6.12.

Let &, &1 and &5 be concept graphs and let $ be a set of concept graphs.

9re = su{(e)+rO
9k (6) = su{eir(O, .

1B = 6 (&) () and
61k (6y) = 6 &)

! Peirce treated existential graphs as judgements, i.e., as propositions which are
asserted to be true in some context. A ‘graph’ which is never true in any context
cannot be asserted and is therefore in Peirce’s view not a graph. For this reason
Peirce called the sketched graph (and all equivalent graphs) ‘pseudograph’ (see
42)).
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Proof of the first equivalence: We have

HEG

et & there are &4,...,8, € § with &;...6, - &

Ded{T:hefrem there are &q,...,8,, € § with + ((’51 R (5 @)
dowblecut there are ®1,...,8, € H with F @1...%@ @>

Ded.Theorem
e

thereare@l,...,éinGf)withéil...@n@ I—Q
M su((@)) F O

The second equivalence is shown analogously. The third and fouth equivalence
are immediate consequences of the first two equivalences. O

Definition 6.13 (Atomic Graphs).
A concept graph & is called atomic, if it has the form

- for P €C and g € G (this is called singleton graph) or

2 ... n—
- ‘T:glg R é'l’:gn‘ for ReE Ry and g1,...,gn € G (this is called

a star).

As we consider finite alphabets, there are (up to isomorphism) only finitely
many atomic concept graphs. A concept a graph in anti-normal-form is com-
posed of atomic graphs and cuts. More formally:

Lemma 6.14 (Iterative Construction of Atomic Graphs).

— Every atomic concept graph is in anti-normal-form.

~ If & and &' are two concept graphs in anti-normal-form, then both the
Juztaposition & &' and the negation @ are in anti-normal-form.

Furthermore every graph in anti-normal-form can be composed this way.
Without proof.

Lemma 6.15 (Maximal Consistent Sets of Graphs).

For a mazimal (with respect to C) consistent set of concept graphs $ we have:

1. Either 9+ & or H+ @ for each concept graph &.
2.9F® <= B cH for each concept graph &.
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Proof: It is easy to see that & @ [ Q . Hence if ) is consistent, $ - &
and 9 F @ cannot hold both. Now we can prove both propositions of
this lemma:

1. Assume § I/ & for a concept graph &. Lem. 6.12 yields that U {(& )}
is consistent. As §) is maximal, we conclude that @6 9, hence we have

5 (©)
2. Let HF &. As 9 is consistent, we get that § F/ @ So Lem. 6.12 yields
that $ U {®} is consistent. As § is maximal, we conclude & € §). 0

Consistent sets of concept graphs can be extended to maximal consistent sets
of concept graphs. This is done as usual in logic.

Lemma 6.16 (Existence of Maximal Consistent Sets of Graphs).

Let $) be a consistent set of concept graphs. Then there is a mazimal set §)'
of concept graphs with ' D §.

Proof: Let &1, B3, B3, ... be an enumeration of all concept graphs.? We define
inductively a set of graphs ; for each ¢ € N. We start with setting 91 := $.
Assume now that $; O $ is defined and consistent.

If 9; F does not hold, then 9,11 = 9, U {®,} is consistent due to
Lem. 6.12.
Otherwise, if 9; F holds, then 9,41 := 9; U{ } is consistent.

Now ' := (J,,cn 97, is obviously a consistent maximal graph set with $’ 2 §.
O

Maximal consistent set of graphs have canonically given models.

Theorem 6.17 (A Maximal Consistent Sets of Graphs has a Model).

Let $ be a maximal consistent set of nonexistential concept graphs with cuts.
Then there exists a canonically given contextual structure (K, \) such that

(K, A) E & for each graph & € $).

Proof: Let 6 := {(a,b) €Gx G [H }

First we show that © is an equivalence relation:

— T-insertion and identity-insertion yield 1 (=) 2 , thus

O is reflexive.

2 Remember that we assumed that A is finite, hence we have only countably many
concept graphs (more precisely: countably many isomorphism-classes of concept
graphs). If we allowed infinite alphabets, the proof could be carried out with an
application of the prim ideal theorem or of (the stronger) Zorn’s Lemma.
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exchg. ref.

~ We have - [ e T

hence 6 is symmetric.
— We have

[T HEHT] [T HEH T,

hence © is transitive.

merging two v.
exchg. ref.

2X erasure

Now we define a power context family K = ((Ggy My, I))i=o0,....n (where n
is the maximal arity of the relation-names) as follows:

~ Go:={[g0@|g € G}, Gy, := Go*, My :=C, My, := Ry,

SO C = HF[Cig], &%
R T :gn

~ ([91)0,.. L [grlO) [k R = S+ |T:q P

To see that the relations Iy, I, ..., I, are well defined, we have to prove that
O is a congruence relation. This is done next.

— O is a congruence relation with respect to the concept names:

exchﬁ. ref. 1 = 9

— O is a congruence relation with respect to dyadic relation names (the proof
for relation names of other arities is done analogously):

merging two v.

merging two v.

exchg. ref.

',

erasure

We have shown so far that K is a well defined power context family.
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Now we define canonically

[ G—Gy N C— B(Ko) A - R— Ry
G- H[g]@ y NC CH(CIO,CIOIO) ) AR RERkH(RI’“,RI’“I’“)

We have to show that A := Ag UA¢ UAg is a K-interpretation of A, i.e., we
have to show the conditions in Def. 4.3.

Let C1,C € C be two concept names with C; < Cy. Let [g]O € C{O, ie.,

we have § . By generalization we get $ F . This yields

C’II" - CQIO, hence A¢ is order-preserving. It is analogously shown that Agr
is order-preserving. Using the T-rule yields - for every g € G, hence

A(T) = (G, Géo) = T. Finally we have

916 = [0210 % 5

B ([gﬂ@, [9216) € Ext(A (<))
So Ais a ]K—interpretation of A.

Now we show

KNS — Hre (6.1)

for each concept graph &’ which is in anti-normal-form. The proof is done by
induction, using Lem. 6.14. For the induction, we distinguish the following
cases:

7(’5’::foraCGCandageg.Thenwehave

m L \(g) € Ext(re(C))
Def A [ ]9 c CIO
— [g]OIC

G

2 ... n—
The case &' := ‘T ‘0 & R QT : gn‘ is done analogously.

— Now let &’ be a concept graph in anti-normal-form. Then we have

BN =@ L By ke
He gy e

Lem. 6155’)F
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— Finally let &', &” be two concept graphs in anti-normal-form. Then we
have

Def. = = / 7€ "

2L R\ ¢ and (R )) = 6

e G ¢ and H+ &

RLE g @

K\ E6® &

This completes the proof of (6.1).

Now let & € §). Lem. 5.8 yields that there is a graph &’ which is provably
equivalent to & and which is in anti-normal-form. We have $ + &', hence
(6.1) yields (K, )\) = &'. Now we conclude (K, \) = & from Thm. 6.9, and
we are done. a

Now we are prepared to prove the completeness of the calculus.

Theorem 6.18 (Completeness of the Calculus).

Two nonexistential, simple concept graphs &1, &9 with cuts over A satisfy

@1':62 - & - By

Proof: Assume that &; F &5 does not hold. Then Cor. 6.12 yields that
&1 is consistent. According to the last lemma, let be $) be a maximal
consistent set of concept graphs which includes this graph. Due to Thm.
6.17, $ has a canonically given contextual structure (K, A). This structure is

in particular a model for &; . So (K, A) is a model for &1, but not for
&5, which is a contradiction to the assumption. O

6.3 Dependencies and Independencies

As we have already mentioned, concept graphs with cuts are based on existen-
tial graphs, and the first five rules of the calculus for concept graphs with cuts
are a concept graph version of Peirce’s calculus for existential graphs. But
there are crucial differences between existential graphs and concept graphs.

First, existential graphs are composed of cuts, lines of identity and relation
names. In contrast to the alphabet we use in concept graphs, the relation
names which are used in existential graphs are not ordered. Furthermore we
have names for objects in the alphabet for concept graphs. So we have a
higher expressivity in concept graphs with cuts.

Second, the lines of identity of existential graphs are both used for existential
quantification and for expressing identity. In concept graphs, two different
syntactical elements are used for this purposes: Existential quantification is
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expressed by the generic marker ‘x’, and identity is expressed by identity
links.

These facts have to be reflected by the calculus. For this reason we had to
add further rules to the rules of Peirce. In this section we will investigate the
logical relationships between the rules of Peirce and the new rules.

The new rules, except the rules ‘exchanging two references’ and ‘isomor-
phism’, are grouped in pairs (i.e., specialization/generalization, T-erasure/T-
insertion, identity-erasure/identity-insertion, splitting a vertex/merging two
vertices). A closer observation yields that these pairs satisfy the following
conditions:

If one rule of a pair allows specific transformations in arbitrary positive con-
texts, then the other rule allows the inverse transformations in arbitrary
negative contexts, and vice versa. For example, the generalization-rule allows
a specific transformation in positive contexts: The concept names of vertices
in that context, respectively the relation names of edges in that context, may
be generalized. The specialization-rule is in fact the inverse direction of the
generalization-rule and may only be applied in negative contexts.

If one rule of a pair allows specific transformations in arbitrary — positive or
negative — contexts, then the other rule allows the inverse transformations in
arbitrary contexts, and vice versa. An example for one of these pairs are the
rules T-erasure/T-insertion.

If a pair of rules satisfies one of the conditions above, then one of the rules may
be removed, and the calculus is still complete. The fact that we may remove
one rule of each pair of rules does not depend on the specific transformations
of the rules. It is a general property of the calculus which can be shown by
only using the first five rules (i.e., the rules of Peirce) of the calculus. This is
subject of the next lemma.

Lemma 6.19 (Main Lemma for Dependencies in the Calculus).

Assume we have a calculus for concept graphs with cuts which contains the
rules of Peirce (i.e., erasure, insertion, iteration, deiteration, and double cut).
Let a further rule be given. Then we have:

1. If this rule allows specific transformations in arbitrary positive contexts,
then we can derive that the inverse transformations may be carried out
in arbitrary negative contexts.

2. If this rule allows specific transformations in arbitrary negative contexts,
then we can derive that the inverse transformations may be carried out
in arbitrary positive contexts.

8. If this rule allows specific transformations in arbitrary contexts, then we
can derive that the inverse transformations may be carried out in arbi-
trary contexts.
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Proof:

1. Let a rule be given which allows us to carry out a specific transformation
in arbitrary positive cuts. Let &,, &; be two concept graphs such that
&, is obtained from &, by applying the inverse transformation of the
rule in a negative context. Our presupposition yields that may be
replaced by in arbitrary positive contexts. Now 1) can be proven
as follows:

o (@) (O

insertion

T @O
ergeon ( >
presupﬁosmm (( ®, ) >
deiteration >
double cut &

erasure
&Gy

2. Analogously to the last case.
3. Follows immediately from the 1) and 2). O

From this lemma, we can now immediately conclude the following proposi-
tion:

Proposition 6.20 (Main Proposition for Dependencies in the Cal-
culus).

In the calculus for nonexistential concept graphs, we may

— remove one of the rules ‘specialization’ and ‘generalization’, and
— remove one of the rules ‘T-erasure’ and ‘T -insertion’, and
— remove one of the rules ‘identity-erasure’ and ‘identity-insertion’, and

— remove one of the rules ‘splitting a vertex’ and ‘merging two vertices’,
and the remaining calculus is still complete.

Without Proof.
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As we have just shown, each of the pairs of rules specialization/generalization,
T-erasure/ T-insertion, identity-erasure/identity-insertion, splitting a ver-
tex/merging two vertices contains redundancy in the following sense: if one
of the two rules of a pair is removed from the calculus, the calculus is still
complete. However, in order to keep the calculus symmetric (like the calculus
of Peirce — see Chap. 14.4), added in every case both rules to it.

In the following we will show that removing both rules of a pair simultaneously
yields a strictly weaker calculus, i.e., the remaining calculus is not complete
anymore (with respect to the entailment relation |=). The same holds if the
rule ‘exchanging two references’ is removed. As we will show a couple of
independency-results like this, we first provide a short description on how
the proofs of these independency-results are carried out.

When we remove one or more rules from our calculus, the new, restricted
calculus yields a new derivability relation . For ' we will construct an
alphabet A and a new semantical entailment relation =" such that the re-
stricted calculus is sound with respect to =/, i.e.:

For all graphs &, ®’ over A we have: & ' &’ yields & =’ &'

Then we will provide two graphs 1, B4 over A such that we have &; | &,
but &; £ 5.2 From &; £ &, we conclude ®; [/ ®,. Then we have
®; E 65 and &1 ¥ B4, which shows that the new, restricted calculus is not
complete with respect to the usual semantical entailment relation .

The first result we will prove in this manner is for the rules ‘generalization’
and ‘specialization’.

Proposition 6.21 (Non-Redundancy of General./Special.).

The pair ‘generalization’ and ‘specialization’ cannot be derived from the re-
maining rules of the calculus.

Proof: Let ' be the derivability relation that the calculus without the rules
‘generalization’ and ‘specialization’ yields. We have to show - # .

Let A := ({g},{P,Q, T}, {=}) with P < Q. Now a new semantical entailment
relation |=’ is introduced.In order to do this, the definition of the semantical
entailment relation = (see Def. 4.4) is slightly changed:

(K, \) £ &[] =

— k(v) € {P, T} for each v € V Narea(c) (new vertex condition)
— Xg(p(e)) € Ext(Ar(r(e))) for each e € E Narea(c) (edge condition)
— (K, \) B &[] for each ¢ € Cut Narea(c) (cut condition)

With this definition (K, \) =’ & and & |=’ & are defined as usual.

3 As we have to show &1 £’ ®, it was sufficient to consider only one alphabet .A.
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This is the old definition of |= except the new vertex condition. Now it is easy
to see that the rules of Peirce (i.e., erasure, insertion, iteration, deiteration
and double-cut) are sound with respect to =’ (the proofs which show that
these rules are sound with respect to = work for =" as well). The soundness
of the isomorphism-rule is obvious. The identity-erasure-rule and identity-
insertion-rule are still sound because the interpretation of the relation-name =
did not change. The new vertex condition does not change the interpretation
of the concept name T, either, hence the rules ‘identity-erasure’ and ‘identity-
insertion’ as well as the rules ‘merging two vertices’ and ‘splitting a vertex’
are still sound.

Now let &, := and &, = . We have &, £ 6,5, but 81 E &,.

Thus, ' is not complete with respect to |=. o

We proceed with the rules ‘T-erasure’ and ‘T-insertion’.

Proposition 6.22 (Non-Redundancy of T-Erasure/Insertion).

The pair ‘T -erasure’ and ‘T -insertion’ cannot be derived from the remaining
rules of the calculus.

Proof: Let ' be the derivability relation that the calculus without rules ‘T-
erasure’ and ‘ T-insertion’ yields. Let A := (G,C,R) be an arbitrary alphabet
with g € G (in particular we have G # (). Again we slightly change the usual
semantical entailment relation = in order to construct a new semantical
entailment relation ='. We set:

(K, \) E &[] =

— VNarea(c) = (new vertex condition)
— Xg(p(e)) € Ext(Ar(r(e))) for each e € E Narea(c) (edge condition)
— (K, \) B &[] for each ¢ € Cut Narea(c) (cut condition)

For all rules except the rules ‘T-erasure’, ‘ T-insertion’, ‘merging two vertices’
and ‘splitting a vertex’, the proofs of their soundness with respect to |= work
for =’ as well, i.e., all these rules are sound with respect to ='. Now let &
and &’ be two graphs with vy,vs in V such that &’ is derived from & by
merging vy into vy, and let (]K, A) be a contextual structure over A. It is
easy to see that & and &’ are isomorphic except for ctz(v1), and we have
(K, \) &' &[ctz(v1)] as well as (K, \) £ &'[ctz(v1)]. Hence Thm. 6.1 can be
applied.* So we get (K, AN E 6 — (K, A) ' @&’ ie., the rules ‘merging
two vertices’ and ‘splitting a vertex’ are sound with respect to ', too.

Now let &1 be the empty graph and &, := . Then we have &; £’ &o,
but &; = 4. Thus, ' is not complete with respect to . ]

4 Tt is easy to see that Thm. 6.1 can be proven for =" as well.
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Proposition 6.23 (Non-Redundancy of Id-Erasure/Insertion).

The pair ‘identity-erasure’ and ‘identity-insertion’ cannot be derived from the
remaining rules of the calculus.

Proof: Let ' be the calculus without the rules ‘identity-erasure’ and ‘identity-
insertion’. Let A := ({¢},{P,Q, T},{=}) be an alphabet with incomparable
concept-names P, Q). Again, a new semantical entailment relation =’ is intro-
duced. It is defined as follows:

(K, \) E &[] =

- Ag(p(v)) € Ext(Ae(k(v))) for each v € V Narea(c) (vertex condition)
~ Xg(p(e)) € Ext(Ar(k(e))) for each e € E™" M area(c) (edge condition)

~ Ag(p(v1)) # Ag(p(v2)) for each id = (vi,v9) € E Narea(c) (new identity
condition)

~ (K, \) B 8]¢] for each ¢ € Cut N area(c) (cut condition)

Again this is the old definition of = except the new identity condition. Similar
to the preceding proofs it is easy to see that all rules except ‘exchanging
references’, ‘identity-erasure’ and ‘identity-insertion’ are sound with respect
to E’. As A has only one object-name, the rule ‘exchanging references’ has
no syntactical effect at all and is therefore trivially sound. Hence ' is sound
with respect to |=’.

But the graphs &; := and By = P g satlsfy
B £ B, but &1 (’52 Thus F is not complete with respect to

Proposition 6.24 (Non-Redundancy of Exchanging References).

The rule ‘exchanging references’ cannot be derived from the remaining rules
of the calculus.

Proof: Let F' be the calculus without the rule ‘exchanging references’. Let

= ({1,2},{T},{=}). Again we have to provide a new semantical entail-
ment relation =’. As we want to construct two graphs &q, . with &1 £ 6,
it is sufficient to consider a specific contextual structure (K, A). We consider
the contextual structure (K, \) with Go := {1,2}, M} := {T} and My := {=}.
Of course we set A\g(1) := 1 and Ag(1) := 2. According to Def. 4.3, A¢(T)
and Ag (=) have to defined as usual. But, similar to the proof of Proposition
6.23, we change the interpretation of identity-links in the definition of the
new relation =’. On the set G, we have the canonically given ordering of
the natural numbers (i.e. 1 < 1,2 <2 1 < 2). We will interpret the sign =
by this ordering. We set:
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(K, \) E &[] =

- Ag(p(v)) € Ext(Ae(k(v))) for each v € V Narea(c) (vertex condition)
— Xg(p(e)) € Ext(Ar(k(e))) for each e € E™"¢ M area(c) (edge condition)

~ Ag(p(v1)) < Ag(p(ve)) for each e = (v1,v2) € B Narea(c) (new identity
condition)

~ (K, \) & &[] for each ¢ € Cut Narea(c) (cut condition)

Again, the proofs for the soundness of the rules, with the exception of the
rules ‘identity-erasure’, ‘identity-insertion’, ‘merging two vertices’, ’splitting a
vertex’ and ‘exchanging references’, work for =" as well. The identity-erasure-
rule and identity-insertion-rule are still sound (in our chosen model) because
the relation < entails the identity-relation. Hence, any identity-link between
two vertices which have the same reference is still a redundant information
and may be therefore erased or inserted. The rules ‘merging two vertices’
and ‘splitting a vertex’ are still sound because they do not have any effect on
identity-links.

But obviously, for &; := (=) and &2 := [T:2 FY{ = 2{T:1],

we have &1 £ &o, but 1 | &o. Thus, H is not complete with respect to

. ]

Proposition 6.25 (Non-Redundancy of Merg./Split. Vertices).

The pair ‘merging two vertices’ and ‘splitting a vertex’ cannot be derived from
the remaining rules of the calculus.

Proof: Let I be the calculus without the the rules ‘merging two vertices’ and
‘splitting a vertex’. We set A := ({g},{P, T}, {R,=}) and define the new
semantical entailment relation =’ as follows:

(K, \) ' 8] =

— for each v € V Narea(c) with k(v) = P there is no edge e € E which is
incident with v (new vertex condition)

— Xg(p(e)) € Ext(Ar(r(e))) for each e € E Narea(c) (edge condition)

— (K, \) B ®[¢] for each ¢ € Cut Narea(c) (cut condition)

Again it is easy to see that all rules except ‘merging two vertices’ and ‘splitting
a vertex’ are sound with respect to '

But obviously, for &, := |P:g E and &y = E , we
have &1 [~ B4, but 81 |= 5. Thus, F is not complete with respect to =. O

We have seen that if we remove the rule ‘exchanging references’ or both rules
of a pair like specialization/generalization etc. simultaneously, the calculus is
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strictly weakened (i.e., it is not complete anymore). From this we conclude
in particular that a concept graph version of Peirce’s calculus for existential
graphs is not sufficient to reflect the higher expressivity and the different
syntactical structure of concept graphs with cuts.



7 Overview for Beta

In the part Beta of this treatise, we add generic markers to concept graphs
with cuts, i.e., we now consider existential instead of nonexistential concept
graphs with cuts. This is a crucial step: The difference between nonexistential
and existential concept graphs is like the difference between FOL without and
FOL with variables. With generic markers, we have the possibility to speak
about indefinite objects, and we can draw propositions which range over our
universe of discourse.

In fact the existential concept graphs are in a specific manner equivalent to
FOL. In order to investigate and discuss this equivalence, we introduce a
translation of CG to FOL (and vice versa). This is a main difference between
the part Alpha and the part Beta of this treatise and leads (compared to
the part Alpha) to extended investigations we have to carry out. We have
to show that the contextual semantics of concept graphs, the calculus on
concept graphs, and the translation of concept graphs to FOL fit together.
This will be subject of this part of this treatise.

We start the part Beta with a chapter on FOL. As every book on logic pro-
vides its own style of FOL, this chapter is necessary. We provide all definitions
that are relevant for Beta, but we do not give any proofs. For this we refer
to the wide range of literature on FOL.

In the following chapter, we provide the contextual semantics for concept
graphs as well as the syntactical translations from and to FOL (i.e., we pro-
vide a mapping @ from CG to FOL and a mapping ¥ in the opposite direc-
tion). Of course, a translation of concept graphs yields the classical semantics
of FOL for concept graphs in an indirect way, too. We will show that these
two semantics are equivalent.

In Chap. 10 we present the calculus for existential concept graphs. This cal-
culus is an extension of the calculus for nonexistential graphs in the following
sense: It consists of the same set of rules, but most rules are slightly extended
in order to respect the generic markers. Furthermore we show that the cal-
culus is sound. The idea for the proof is the same as in the part Alpha. In
fact, in order to prove the soundness of the Beta-rules, we can refer to the
corresponding proofs in the part Alpha for most of the rules. But some of the
rules (esp. iteration and deiteration) require new proofs of their soundness.
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In Chap. 11 we start to unfold out that the mappings ¢ and ¥ can be con-
sidered as translations. In order to do this, we show the following: Mapping
a formula f to a concept graph, and mapping this concept graph back to
a formula yields a formula which is provably equivalent to f (but it will be
usually different to f). This is done in Sect. 11.1. We get an analogous result
if we start with a concept graph, which is subject of Sect. 11.2. Finally we
show in Sect. 11.3 that ¥ respects the derivability relation F. This is done by
proving that ¥ respects every rule of the calculus on FOL, i.e., every rule of
FOL carries over to a proof in CG. It turns out that this is the most extensive
proof of this treatise.

As the rules of the calculus for concept graphs are very powerful, the proof
of the corresponding proposition for concept graphs (i.e., to prove that @
respects ) would be much more complicated. For this reason we do not
show this proposition directly. Nevertheless it will turn out in Chap. 12 that
we will gain this proposition indirectly in a very easy way.

In fact we put together six main results, which we have proven in the preced-
ing chapter, in this chapter. Using these results, it is now very easy to show
the full semantical and syntactical equivalence of concept graphs and FOL.
In particular it turns out that @ and ¥ are mutually inverse isomorphisms
between the quasiordered sets of concept graphs and first order logic, and we
can show very easily that the calculus for existential concept graphs is sound
and complete. This is subject of Sect. 12.1. On the other hand we show in
Sect. 12.2 that it was necessary to prove all six results we have mentioned
above: None of the six results can be proven from the remaining five in a
trivial way.

We have already mentioned in the Alpha-part that for concept graphs without
cuts, it is possible to assign to each graph a standard model which contains
exactly the same information as the graph (and vice versa, we can assign to
each model a standard graph). With standard models and standard graphs,
reasoning can be carried over from graphs to models, and vice versa. This
approach was introduced by Perdiger in her PhD-thesis (see [44]). In Chap.
13, we adopt and extend Predigers ideas for concept graphs without cuts.
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In this chapter we will present the style of first order logic (FOL) we will need
in the rest of this treatise. We will consider first order predicate logic, that
is first order logic with predicates, identity and object names, but without
function names. Furthermore our logic is based on alphabets A := (G,C,R)
as we use it for concept graphs. These alphabets have some properties which
are usually not used in classical logic, namely

— we distinguish between concept names and unary relation names,
— the sets C and R are ordered, and

— the set C contains a greatest element T which stands for the concept which
contains every object (of the respective context).

These properties have to be reflected in our version of first order logic, i.e.,
in our definition for models as well as in the calculus we will present. Never-
theless, for readers who are familiar with logic it is enough to have a glance
at the definitions.

8.1 Syntax

We start with the definition of the well-formed formulas of FOL.

Definition 8.1 (Formulas).

The formulas of FOL over A, the sets Bound(f) of bound and Free(f) of
free variables of a formula f, and the set Subform(f) of subformulas of f
are inductively defined as follows:

1. Fach variable o € Var and each object name g € G is a term.
- Free(a) := {a}, Free(g) := 0, Bound(a) := Bound(g) := 0 .

F. Dau: The Logic System of Concept Graphs with Negation, LNAI 2892, pp. 83-91, 2003.
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84 8 First Order Logic

2. If C € C is a concept name and t is a term, then f := C(t) is a formula.!
- Free(f) := Free(t) and Bound(f):=10 . o
- Subform(f):={f}.
3. If R € R is a relation name with arity n and ty,...,t, are terms, then
f = R(t1,...,tn) is a formula.
- Free(f) := Free(t;) U...U Free(t,), Bound(f) :==0 .
- Subform(f):={f}.
4. If 1" is a formula, then f := =f’ is a formula.
- Free(f) := Free(f'), Bound(f) := Bound(f").
- Subform(f) := Subform(f")U{f}.
5. If f1 and fa are formulas, then f = (fiAf2) is a formula.
- Free(f) = Free(f1) U Free(fa), Bound(f) = Bound(f1) U Bound(f2)

i Subform(f) := Subform(f1) U Subform(fz) U{f} .

6. If f' is a formula and o is a variable, then f := Ja.f’ is a formula.
- Free(f) := Free(f')\{a}, Bound(f) := Bound(f’) U{a}.
- Subform(f) := Subform(f)U{f} .

If f is a formula with Free(f) = 0, then f is said to be closed. A closed
formula is also called a sentence.

For some dyadic relation names R, esp. for ‘R ==’ we will use the infix-
notation instead of the prefix-notation, i.e., we will write t; Rty instead of
R(t1,t2) (in particular, we will write t; = ¢ or t1 = to instead of = (¢1,t2)).

Keep in mind that we use an identity-relation in the formulas of FOL as well
as in the metalanguage. We distinguish these two levels of identity by using
the symbol ‘=’ for the identity on the syntactical level (in formulas as well as
in graphs) and by using symbol ‘=" to denote the identity on the meta-level.
In some cases we try to ease the reading by using different spaces around
‘=""and by using the symbol =. For example, in ‘f = x3 = x5’, the first
‘="is a metalevel sign, and the second ‘=’ is a sign in FOL. So the string

‘f = zz3=wz5’ means that f is the formula ‘x3 = x5’.

! In this definition, we have underlined the signs which have to be understood
literally. For example, when we write f := R(ti,...,tn), this means that the
formula f is defined to be the following sequence of signs: We start with the
relation name which is denoted by R. Please note that ‘R’ is not a relation
name, but it is a metavariable which stands for a relation name. After R, we
proceed with the sign ‘(’. After that, we write down the term which is denoted
by t1 (thus, ¢1 is a metavariable, too). We proceed with the sign ‘. After that,
we write down the term which is denoted by t2, proceed with the sign ‘,’, and
so on until we write down the term is denoted by t,. Finally, we write down
the sign ‘)’. So, possible results for f are therefore ‘ faster(Y oyo, Gar field)’ or
‘on(Yoyo, zs) (if “Yoyo’ and ‘Garfield’ are object names in G and if ‘faster’ and
‘on’ are relation names in G).
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The remaining junctors (i.e., V, — and <) and the remaining quantifier V
are defined as usual: We set

- [iVfai=a(fiAf),

~ fi—= far=a(finf2)

~- fie for=a(fiAf2) A(faAfi) 5 and
- VYa.f = -Ja.~f.

This shall be read as an abbreviation: e.g. when we write f; — fo, we can
replace this by —=(f1 A —f2) to get a formula in our language.

Brackets are omitted or added to improve the readability of formulas. To
avoid an overload of brackets, we agree that formulas which are composed
with the dyadic junctor — are bracket from the right, e.g. f1 — fo — f3
has to read as (f1 — (f2 — f3)). Furthermore we agree that quantifiers bind
more strongly than binary junctors.

It will turn out later (especially in Def. 8.5) that it is important to distinguish
between subformulas and subformula occurences of a formula f. For example,
the formula f := T(z) A T(x) has only two subformulas, namely T (z) and
f itself. But the subformula T(z) occurs twice in f, hence we have three
subformula occurences in f (two times T (z) and f itself).

Defining subformula occurences is a rather technical problem, thus, we do
not provide a definition for them, but we want to point out that it can be
done (for a further discussion we refer to [12]). Of course, this is the same
for terms: A term t can appear several times in a formula f, and all these
appearences are called occurences of t in f.

Next we define substitutions.

Definition 8.2 (Substitutions).

Let w € GU Var be a term and let x; € Var be a variable. Furthermore,
t,t1,ta,... denote terms and f, f', f1, f2,... denote formulas. We define the
substitutions tlu/xz;] and flu/xz;] inductively as follows:

1. zj[ujz;] == x; for x; € Var and j # i, x;i[u/x;] = w and hlu/z;] == h
for h € G.

2.If f .= C(t), C €C, then flu/z;] := C(t[u/z]).

3. Iff == R(t1,...,tn), R € Ry, then flu/x;] == R(t1[u/zs], ..., tu[u/z;]).

4 1If f = —f', then flu/zi] == = f'lu/z;].

5. If f := fi A fa, then flu/x;] == falu/xi] A falu/x;].

6. If f := Fa;.f', j #1, then flu/z;] = Jx;. fu/zi].

7 If f:= ;. f, then flu/z;] = Ja;. f'.
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We say that tlu/x;] is obtained from t by substituting u for x; in ¢, and
flu/x;] is obtained from f by substituting u for z; in f.

A main difference between FOL and CG are the syntactical elements which
are used to range over objects. In CG, only one sign, namely the generic
marker ‘+’, is used for this purpose?. In FOL we have a whole set Var of
variables instead. All variables are tantamount. For this reason the next well-
known definition is needed.

Definition 8.3 (a-Conversion of Formulas).

Let f be a formula and let Ja.h be a subformula of f. Let B be a (so called
fresh) variable (i.e. we have 5 ¢ Var(f)). Let f' be the formula that we get
when we replace the subformula Ja.h by 3B.h[B/a]. Then we say that we get
I from f by renaming a bound variable (this is in literature often called
a-conversion of a formula).

Example: Consider the formula
R(z) A Jz.S(x) A Jz.(R(z) A Tz T(x))

If we replaced the first bound occurence of x —1i.e., we consider the subformula
Jz.5(x) — by the variable y, we get the formula

R(z) AJy.S(y) A Jx.(R(z) A 32T (z))

In this formula, consider the subformula 3z.(R(x) A Jz.T(x)). We replace x
by u and get
R(z) A Jy.S(y) A Ju.(R(u) A 3x.T(z))

Finally, we replace the remaining bound variables x in 3z.7(z) by v and get
R(z) A Jy.S(y) A Fu.(R(u) A Fv.T(v))

The last formula has a form for which the proof of the equivalence of f and
PSP (f)) (see Sect. 11.1) is simpler than for the general case. This form is
captured by the following definition:

Definition 8.4 (Variable-Purified Formulas).

Let f be a formula. If we have that Bound(f)NFree(f) = 0 and if no variable
is bound more than once (i.e., the string Ja does not occur twice in f for any
variable «) then f is said to be variable-purified.

2 The indexed generic markers *, with a € Var we have introduced could be
understood as the ‘free variables’ of concept graphs. But in this treatise they
are only used when we provide translations between FOL and CG. They are not
used in the semantics for concept graphs, neither in the calculus.
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Using a-conversion, we can transform each formula f by renaming bound
variables into a formula f/ which is variable-purified. It is well known that f
and f’ are equivalent (which will be defined in the next section).

In formulas of FOL, the set of all occurences of the negation sign ‘-’ can be
treated like the set of all cuts in a concept graphs. This motivates the next
definition:
Definition 8.5 (Structure of Formulas). Negy U{T s}
Let f € FOL be a formula. We set

Negy :={g € FOL |—g is a subformula occurence of f}
Furthermore we set Ty := f. The set Negy U{T s} is ordered by

g < h: <= g is a subformula occurence of h

The set Negy of a formula f is the counterpart of the set Cut of a graph & :=

(V.E,v,T,Cut,area, k, p), and NegsU{T s} is the counterpart of CutU{T}.
To give an example, look at the following formula:

f = Fx.(CAT (x) A\=slim(xz) A—~(y. LASAGN E(y) Asee(z,y) A—eat(x,y)))
The ordered set (Negs U{T ¢}, <) can be sketched as follows:

Jx.CAT (x) A =slim(z) A ~(3y. LASAGN E(y) A see(x,y) A —eat(z,y))

/N

slim(x) Jy.LASAGNE(y) A see(z,y) A —eat(x,y)

eat(z,y)

Compare this with the order on the graph we have sketched in Fig. 2.3 on p.
34.

Another example is

g = ~(=T(z) A=T(z))
This example shows that is is important to discriminate between subformulas
and subformula occurences. The ordered set (Neg,U{ T4}, <) can be sketched
as follows:

(=T (z) A‘ =T (z))
=T (z) A=T(2)
VRN

)

T(x T(x)
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8.2 Semantics

In Chap. 4 and 9 we present the semantics for nonexistential resp. existen-
tial concept graphs. These semantics are based on power context families
which serve as models for concept graphs and are therefore called contextual.
The usual models for FOL-formulas are not power context families, but rela-
tional structures over A. Classical relational structures are pairs M := (U, I),
consisting of a universe (of discourse) U and a function I := IgU I with
Ig:G — U and Ig : Ry — B(UF) for each k.

We adopt these relational structures for FOL as well. But as mentioned in the
beginning of this chapter, our version of FOL is based on an alphabet with
some properties which are usually not used in classical logic. These properties
have to be respected by the models we consider. For this reason the usual
notation of a relational structure is restricted as follows:

Definition 8.6 (Relational Structures).

A relational structure over A is a pair M := (U, I) consisting of a nonempty
universe U and a function I := IgUIcUlIg with Ig: G — U, Ic : C — P(U)
and Ip : Ry, — ‘Ii(Uk) for each k such that I¢c and Ir are order-preserving,
satisfy Ie(T) =U, and (u1,u2) € Ir(=) < uy = ug for all uy,us € U.

The function I (the letter ‘T’ stands of course for ‘interpretation’) is the link
between our language and the mathematical universe, i.e., it relates syntac-
tical objects to mathematical entities. There are certain similarities between
relational structures (U, I) and contextual structures (K, \) (in particular be-
tween the interpretation functions I and \). This will be worked out in Sect.
9.3.

Now we define how formulas are evaluated in relational structures.

Definition 8.7 (Evaluation of Fourmulas in Structures).

Let f € FOL be a formula and let M = (U,I) be a relational structure. A
valuation val is a mapping val : Var — U which assigns to each variable
an element of the universe U. Valuations are naturally extended to mappings
valy : Var UG — U by valy(g) := Ig(g) for each object name g € G. Now,
inductively over the structure of formulas, we define M \=ya1 f as follows:

1.IfC € C and if t is a term, then we set M =,q C(t) iff val;(t) € Ic(C).

2.If R€ R, and if t1,...,t, are terms, then we set M Epq R(t1, ..., tn)
iff (valr(ty),...,valr(t,)) € Ir(R).

3. If f' is a formula and f := —f', then we set M Eya [ iff M v [/ -

4. If f1 and fo are formulas and f := fi1 A fa, then we set M =ya [ iff
M ':Ual fl and M ):'ual f2 .



8.3 Calculus 89

5. If ' is a formula, x; is a variable and f := Jx;.f’, then we set M Eyar
iff there is a valuation val" with val’ (x;) = val(x;) for each i # j and

M ':Ual’ f/'

If f is a formula and M is a relational structure such that M |Eyq f holds
for all valuations val, we write M = f. If F is a set of formulas and f is
a formula such that each relational structure M with M = g for all g € F
satisfies M = f, we write F = f. We abbreviate {g} = f by g = f. Two
formulas f,g with f =g and g = f are called semantically equivalent.

8.3 Calculus

In literature we find a huge amount of calculi for first order logic. For our
purpose it makes no difference which calculus we use. We decided to choose
a (so-called Hilbert-style) calculus in the fragment of FOL which is based on
the junctors — and — instead of A and —. This causes no troubles, as the
following argumentation will show:

Remember that we can express the junctor — by means of the junctors A
and —: We set f1 — fo := —=(f1 A —f2) (and conversely, we can express the
junctor A with the junctors — and —: We set f1 A fa := —(f1 — —f2)). If we
denote the set of formulas which use the symbols 3, =, A by FOL5 -, A and if
we denote the set of formulas which use the symbols 3, -, — by FOL5 - _,,
we can translate each formula f € FOL3 - A to a formula f* € FOL5 - _,,
and vice versa. Of course we can define canonically the relation = between
relational structures and formulas of FOLs5 - _, as well. It is easy to show
that we have

ME[ = ME[

for all relational structures M and all formulas f € FOL3 - . So we can
immediately carry over results from FOL3 - _, to FOL3 - A and vice versa.
In particular we will argue that the calculus we present is sound and complete
in FOL3 - ., hence it is sound and complete in FOL35 -, _..

In Fig. 8.1 we list all axioms and rules for the FOL-calculus we use in this
treatise. With this rules, we define the relation F as follows:

Definition 8.8 (Proofs).

Let F be a set of formulas and let f be a formula. A sequence (f1,..., fn) is
called proof for f from F or derivation of f from F, if f, = f and for each
1=1,...,n, one of the following conditions holds:

- fi €F, or

— there are f;, fr with j,k <i and f; is derived from f;, fi using MP, or
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following axioms and rules in FOL:
MP: f,f—g F g
PLit f—(g—f)
P2k (=f = —g) = (g — f)
P8 F (f— (g— ) = (f — g) — (f — h)
Ex1: + f — Ja.f
Ex2: F f — Jai.floa /a2] if a1 ¢ Free(f)
Ex3: F fla/c — Fa.f force g
Ex4: f—>gtF Ja.f—g if a ¢ Free(g)

Id1l: + oo = ap
Id2: - apo =1 — a1 = ao
Id3:F ap =1 a1 = a2 — ap = as
Congl: F ag = a1 — C(ag) — C(an) for C €C
Cong2: - ap =y — a1 = Qpg1 — ... — Qp1 = Q2n—1
— R(ao,...,an—1) = R(Qn,...,020)
Ax1: F T(«)

Ax2: - Cl(a) — 02(05) for Cl,CQ e C with C; <c Cs
Ax3:F Ri(ai,...,an) — Ra(au,...,an)
for Ri1, Re2 € Ry with R1 <r R

Let o, a1, 2, ag, . .. be variables and let f, g, h be formulas. Then we have the

Fig. 8.1. The FOL-calculus we use in this treatise.

— there is f; with j <1 and f; is derived from f; using Ex4, or

— fi is one of the remaining axioms.

If there is a derivation of f from F, we write F' - f. We write g = f instead
of {g} b [ for formulas g. Two formulas g with f + g and g+ f are called

provably equivalent.

The rules MP, P1, P2, P3 form a sound and complete calculus for propo-
sitional logic (see [69]). Formulas f which can be derived from @) only with

these rules are called tautologous.

The rules Ex1, Ex2, Ex3, Ex4, Id1, Id2, Id3, Cong2 form the step from propo-
sitional logic to first order predicate logic. The rules Ex1-Ex4 are common
rules which are needed when the existential quantifier is introduced (see for
example [57]). The rules Id1, Id2, Id3, Cong2 are well-known rules which are

used when the identity relation is used.
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We mentioned in the beginning of Sect. 8.2 that the classical relational struc-
tures are pairs M := (U,I), consisting of a universe U and a function
I :=IgUlg with Ig : G — M and I : Rj — PB(MF) for each k. It is
well known that the axioms and rules Ex1, Ex2, Ex3, Ex4, 1d1, 1d2, 1d3,
Cong?2 are sound and complete, if we consider these structures. But we have
slightly changed the classical relational structures in order to define relational
structures which respect the properties of the alphabet A. As we distinguish
between concept names and unary relation names, we have two congruence
axioms Congl and Cong2 instead of one only for relation names. Further-
more, we have a special concept name T, and we have orders on the set C
of concept names and on the set R of relation names. For this reason, we
have added the axioms Ax1, Ax2, Ax3 to the calculus. Now we have that
the relational structures we have defined are exactly the classical relational
structures which fulfill the axioms Ax1, Ax2 and Ax3 (and which distinguish
between concept names and names of unary relations). From this we conclude
immediately the following theorem:

Theorem 8.9 (Soundness and Completeness of FOL).
A set of formulas F' and a formula f over A satisfy

Frf < FEf
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In Chap. 4 we provided contextual structures as models for nonexistential
concept graphs with cuts, i.e., we provided a contextual semantics. These
semantics can be seen as a combination of the contextual approach of Predi-
ger for concept graphs without negation, the game-theoretical semantics by
Hintikka for concept graphs with negation, and the semantics of Peirce for
existential graphs. In Sect. 9.1 we will extend this approach to ezistential
concept graphs with cuts. We want to point out that this is a kind of seman-
tics which is intended to be part of ‘Contextual Logic’ (see [73], [75], [77],
[79]).

On the other hand, as we have mentioned in Chap. 4, the most established
semantics for conceptual graphs is a mapping of conceptual graphs to FOL-
formulas with the operator ¢. As @ is a mapping of one syntactically given
logical language into another syntactically given logical language, in our view
the use of the term ‘semantics’ for @ is not appropriate. We consider ¢ as
a translation instead. In Sect. 9.2 we will provide a mathematical definition
for @ : CG — FOL as well as a mathematical definition for a mapping
¥ : FOL — CG which, as we will show later, can be seen as the inverse
mapping of &.

The semantics for FOL are usually based on relational models (see Chap. 8).
So, via the translation @, these relational structures can also serve as models
for concept graphs with cuts (i.e., although we do not consider @ as a direct
semantics for concept graphs, we yield an extensional semantics for concept
graphs via @). So we have provided a semantics for concept graphs in two
different ways: We have contextual structures which serve directly as models
for concept graphs, and we have relational structures which serve indirectly
via the translation @ as models for concept graphs. But relational structures
are closely related to contextual structures: It is easy to transform them into
each other (see Def. 9.6 and Def. 9.7). Using this transformation, we will
show that the two different semantics yield the same semantical entailment
relation between concept graphs (see Thm. 9.10). This will be worked out in
Sect. 9.3.

F. Dau: The Logic System of Concept Graphs with Negation, LNAI 2892, pp. 93-105, 2003.
© Springer-Verlag Berlin Heidelberg 2003
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94 9 Semantics for Existential Concept Graphs

9.1 Contexual Semantics

When an existential concept graph is evaluated in a contextual structure
(K, \), we have to assign objects of our universe of discourse Gy to its generic
markers. This is done — analogously to FOL (see Def. 8.7) — by valuations.

Definition 9.1 (Partial and Total Valuations).

Let & := (V,E,v, T,Cut,area, K, p) be an existential concept graph with cuts
and let (]K, A) be a contextual structure over A. A mapping ref : V' — Gy
with VI C V' CV and ref(v) = Ag(p(v)) for all v € V9 is called a partial
valuation of 8. If V' D {v e V*|v > ¢} and V' N{v € V*|v < ¢} =0 then
we say that ref is a partial valuation for the context c. If V' =V then ref
is called (total) valuation of .

Now we can define whether a concept graph is valid in a contextual structure
over A. This shall be done in two ways. The first way is directly adopted from
FOL (see Def. 8.7). In FOL, we start with total valuations of the variables
of the formula, i.e., an object is assigned to each variable. Whenever an 3-
quantifier is evaluated during the evaluation of the formula, the object which
is assigned to the quantified variable is substituted (i.e., the total valuation is
successively changed). As we adopt this classical approach of FOL for concept
graphs with cuts, we denote the semantical entailment relation by ‘ciass -
It is defined as follows:

Definition 9.2 (Classical Evaluation of Graphs).

Let  := (V,E,v, T,Cut,area, k, p) be an existential concept graph with cuts
and let (K, \) be a contextual structure over A. Inductively over the tree
CutU{T}, we define’ (K, \) Ecass B[c,ref] for each context c € Cut U{T}
and every total valuation ref : V. — Gp:

(K, A) Ectass Be, ref] =

it exists a valuation ref : V — Go with ;c;?(v) = ref(v) for all v €
V\area(c) such that the following conditions hold:

- rAe—f(v) € Ext(Ac(k(v))) for each v € V Narea(c) (vertex condition)

- ref(e) € Ext(Ar(k(e))) for each e € ENarea(c) (edge condition)
— (K, N) Fctass B[d,ref] for each d € Cut Narea(c) (cut condition and
iteration over Cut U{T})

~ ~—

! In order to be in line with the notion ‘M |Eya f’ of FOL (see Def.8.7), it
would be preferable to use a notion ‘(K,\) |=. .y ® for concept graphs. But
as we have two different entailment relations in CG, we decided to disginguish
them by writing ‘Fciass’ and ‘FEendo’ (see Def. 9.3). Thus, as the symbol ‘|’
is already indexed, we write the evaluated context ¢ and the valuation ref in
square brackets instead.
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If there is a total valuation ref such that (K, A) Feclass O[T, ref], we
write (]K, A) Eclass &. If we have two concept graphs &1, Go such that
(]K, A) Eciass ®2 for each contextual structure (K, A) with (K, A) Eclass 1,
we write &1 Fclass O2.

The second semantics we will provide is adopted from the method of Peirce
to evaluate existential graphs. He read and evaluated existential graphs from
the outside, hence starting with the sheet of assertion, and proceeded with the
inner cuts. During this evaluation, he assigned successively values to the lines
of identity. This method (reading a graph from the outside and proceeding
inwardly) is what he called ‘endoporeutic method’ (see [52]). We adopt this
approach for concept graphs with cuts and denote the corresponding seman-
tical entailment relation by ‘f=cndo’. But before we give a precise definition
of ‘Ecndo’, we exemplify it on the graph & from Fig. 2.1 on p. 33.

We start the evaluation of & on the sheet of assertion T. As only the cut ¢;
is directly enclosed by T, & is true if the part of & which is enclosed by ¢; is
false. As ¢; contains the vertex v; and the cut cs, we now have the following;:
& is true if it is not true that there exists an object 07 such that oy is a cat
and the proposition which is enclosed by cs is false. Now we have to evaluate
the area of cy. Intuitively spoken, the area of co becomes true if there is an
object that is a cute animal and identical to 0;. So, during this step of the
evaluation, we refer to the object 01 (that is why the endoporeutic method
proceeds tnwardly: We cannot evaluate the inner cut co unless we know which
object is assigned to the generic marker of v;. Please note that the assignment
we have build so far is a partial valuation for the cut cz.) Hence & is true
if there is no cat such that there is no other object which is identical to the
cat and which is a cute animal. In simpler words: & is true if there is no cat
which is not a cute animal, i.e., if every cat is a cute animal.

Definition 9.3 (Endoporeutic Evaluation of Graphs).

Let  := (V,E,v, T,Cut,area, k, p) be an existential concept graph with cuts
and let (K, \) be a contextual structure over A. Inductively over the tree

Cut U{T}, we define (K, ) Eendo ®[c, ref] for each context ¢ € Cut U{T}
and every partial valuation ref : V' CV — Gy for c:

(Ka )‘) ':endo 6[07 T@f] e

ref can be extended to a partial valuation ref : V' U (VNarea(c)) — Gy

(i.e., rAe?(v) =ref(v) for allv € V'), such that the following conditions
hold:

- ;evf(’u) € Ext(Ac(k(v))) for each v € V Narea(c) (vertex condition)
- rAe?(e) € Ext(Ar(k(e))) for each e € ENarea(c) (edge condition)

— (K, \) Fendo 8[d, ref] for each d € Cut N area(c) (cut condition and
iteration over Cut U{T})
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For (K, A) Eendo O[T,0] we write (K, A) Eendo ®. If we have two concept
graphs &1, By such that (K, ) Fendo B2 for each contextual structure (K, \)
with (K, ) Fendo &1, we write &1 Fendo ®2.

We want to stress that this definition (namely the edge condition) relies on
the condition that we consider concept graphs with dominating nodes (this
will be discussed further in Sect. 14.3).

The main difference of the last definition to Def. 9.2 is the following: In Def.
9.2, we start with a total valuation of the generic nodes which is, during
the evaluation. successively changed. In the Def. 9.3, we start with the empty
partial valuation which is, during the evaluation, successively completed. Un-
surprisingly, these two definitions yield exactly the same entailment relations:

Lemma 9.4 (Both Evaluations are Equivalent).

Let & := (V,E,v, T,Cut,area, K, p) be an existential concept graph with cuts
and let (K, \) be a contextual structure over A. Then we have

(K7 )\) ):class 6 — (K7 )\) ':endo )

Proof: We show inductively over Cut U {T} that the following conditions
are satisfied for every context ¢ € Cut U {T} and every partial valuation
ref' : V' CV — Gy for the context c:2

(Ka A) Eendo ®[c, Tef/] (9.1)
= (K, \) Ectass 6[c,ref] for all extensions ref : V—Gq of ref’ (9.2)
<— (K, A) Eclass B[c, ref] for one extension ref : V—Gq of ref’ (9.3)

As & has dominating nodes, we have
Ve C{v e V]v > ¢} for each e € ENarea(c) (9.4)

Now the proof is done by induction over Cut U{T}. Let ¢ be a context such
that (9.1) <= (9.2) <= (9.3) for each cut d < c.

We start with the proof of (9.1) = (9.2), so let ref’ : V! C V — Gy
be a partial valuation for ¢ such that (K, ) Eendo ®[c,ref]. Hence there
is a partial valuation ref’ which extends ref’ to V' U (V N area(c)) and
which fulfills the properties in Def. 9.3. Furthermore, let ref : V. — Gy

be an arbitrary total valuation which extends re f' to V. We want to show
(K, A) Eclass ®[c, ref]. We set

2 The ongoing proof of Lem. 9.4 relies on the idea that a valuation does not
determine which values are assigned to the vertices v € V* N area(c). For this
reason it is crucial to consider only partial valuations for the context c, i.e., partial
valuations ref’ which satisfy in particular dom(ref )N {v € V*|v <c} =0.
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T@f = Tef|V\area(c) U 7nef/|area(c)

As ref is an extension of ref’, we have ref|{vev |v>c) = ref l{vev |v>e}, and
by definition of ref, we have ref|a,nea(c) = ref larea(c)- From this we conclude
T€f|{'uEV\'u>c} = ref l{vev |v>c}- Since all vertex and edge conditions hold
for 7;37’ (9.4) yields that all vertex and edge conditions hold for re f , too.
Furthermore we have (K, ) Fendgo ®[d,ref’] for each d < c. Since ref is
an extension of ref’, the induction hypothesis (9.3) = (9.1) for d yields
(K, \) Felass ®[d, ref']. So the proof for (9.1) = (9.2) is done.
The implication (9.2) = (9.3) holds trivially.
Finally, we show that (9.3) = (9.1) holds for ¢. So assume that (9.3) is
true for ¢, i.e., there is an extension ref : V. — Gy of ref’ with such
that (K, \) [Eciass ®[c, ref]. This means that there is a valuation ref with
rAe?(v) = ref(v) for all v € V\area(c) and which fulfills the properties in
Def. 9.2. Now define - .

T@f’ = Tef/ U T€f|area(c)
Again, 7/“;; is an extension of r’e\f’, and 7Te\jf|{7j€v‘v26} = 7“fetf/’|{vev|v26}.
Similar arguments as in the proof for (9.1) = (9.2) yield that all edge and
vertex conditions hold for 7’,6\?/ . Furthermore, if d < c¢ is a cut, the cut-
condition (K, ) Fendo ®[d, ref'] holds because of the induction hypothesis
(9.1) => (9.2). So we have that ref’ fulfills the properties in Def. 9.3, and
the proof for the implication (9.3) = (9.1) is done. a

As Lem. 9.4 shows that Def. 9.2 and and Def. 9.3 yield the same entailment
relation between models and graphs, we will write |= instead of |=endo and
Eclass- Nevertheless it will turn out that in some proofs it is more useful to
use Def. 9.2 for |=, and in other proofs it is more useful to use Def. 9.3.

9.2 Syntactical Translations

In this section we will provide the definitions for mappings ¥ : FOL — CG
and @ : CG — FOL and which can be understood as translations between
the two logical systems FOL and CG. According to the structures of formulas
resp. graphs, these mappings are defined recursively.

We have to cope with some problems caused by structural differences between
the logical systems FOL and CG. To go into details:

1. In CG, we have no syntactical devices which correspond to the free vari-
ables of FOL, but (as ¥ is defined recursively), we need translations from
formulas with free variables to concept graphs. For this reason we con-
sider concept graphs with (free) variables #, in this section, but their
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introduction should be understood as a mere technical trick. It will turn
out that concept graph without variables will be translated to formulas
without free variables, and vice versa.

2. In FOL, we have an infinite set of variables which are used to range over
objects. In CG, only the generic marker ‘x’ is used for this purpose. Thus
a formula ¢(®) will be only given up to the names of the variables.

In FOL, we can syntactically express different orders of formulas in con-
junctions. As conjunction is an assossiative and commutative operation,
in FOL the calculus allows to change the order of formulas in conjunc-
tions. In CG, conjunction is expressed by the juxtaposition of graphs.
Thus we have no possibility to express different orderings of graphs in
conjunctions. For the mapping @ this yields the following conclusion: A
formula @(®) of a concept graph & is moreover only given up the order
of the subformulas of conjunctions.

Now we are prepared to provide the definitions of ¥ and .
Definition of ¥:

Before we provide a translation of formulas to concept graphs, we have to
translate the terms. This is done canonically by a mapping Yierm. We set
Uierm(g) = g for each object name g € G and we set Wierm () = x4
for variables ao € Var. Now we can define ¥ inductively over the composition
of formulas (see Def. 8.1). For each case, we first provide a diagram or an
informal description before we state the explicit mathematical definition.

— CO(t) for a term ¢ and a concept name C: ¥W(C(t)) := |C : Wiepp ()
ie., we set ¥(C(t)) := & with
= ({150,0, T,0,{(T, {11}, {(1, OV}, { (1, Trerm(t)) })

— R(t1,...,t,) for a n-ary relation name R and terms tq, ...,

W(R(tla tee 7tn ‘T Wterm tl Q QT Wterm n ‘
) =

ie., we set U(R(t1,...,tn ® with
=({1,...,n},{0},{(0,(1,...,n)}, T,0,{(T,{0,1,...,n})},
{(07 R)a (17 T)a SRR (na T)}a {(17l‘pt87“m(t1))7 SRR) (na WteTm(tn))})
— fi A fo for two formulas f; and for  P(fi A f2) = ¥(f1) P(f2)
(i.e., U (f1 A f2) is the juxtaposition of ¥(f1) and ¥(f2)).

— = f for a formula f: U(—f) = (f)
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For ¥(f) = (V,E,v, T,Cut,area, k,p) let c¢g ¢ VUEUCutU{T} be a
new cut. Now we set ¥(—f) := (V, E,v, T,Cut’, ared’, K, p) with

Cut’ = Cut U{cp} and
area’ = area\{(T,area(T))} U {(co,area(T)),(T,co)}

— Ja. f for a formula f and a variable « (this case is called existential step):
If o ¢ Free(f), we set ¥(3a.f) = (f) .
For a € Free(f), the following steps have to be carried out:

1. A new concept box vy := is juxtaposed to ¥(f).

2. For every edge e, every concept box which is incident with e is
substituted by the new concept box vy (concept boxes which are incident
with an edge can only carry the concept name T).

3. Every isolated concept box is substituted by a concept box
, which is linked to the new concept box vy with an identity link:

’UO—@—P:*

4. All concept boxes are erased (as we performed step 2, all these
boxes are isolated).

The mathematically precise procedure is as follows:

Let ¥(f) := & := (V,E,v, T,Cut,area, k, p). Let vy be a new vertex with
vo € VUEUCut U{T}. Let V% be the set of all isolated *,-vertices,
ie., Vio .= {w e V| p(w) =+, A By = 0} and let V,¢99¢ be the set of
all #,-vertices which are incident with an edge, i.e., we define V;dge =
{w € V| plw) = %4 AN E, # 0} (we have x(w) = T for each vertex
w € V49¢). Assign to each w € V%% a new edge e,, such that V U {vg},
E, {ew|w € Vi*°} and Cut U {T} are pairwise disjoint sets. Now we can
define ¥(3z.f) .= (V' E',v/, T, Cut’,ared’ , k', p') as follows:

V= (VAVE?¢) U {wo}
E'= EU{ey,|w e Vi%}

V' ¢ For e € E we set /(e = {V(e)|i for ple);) i ta
i vo for p(el.) = *4
For w € V**° we set 1/ (ey) := (vo, w) '
T=T
Cut' = Cut
area'(c) = (area(c)\VE49¢) U {e,, |w € Vi*° Narea(c)}
forc#T

area' (T)= (area(T)\VE49¢) U {e, |w € Vi*° Narea(T)} U {vo}
K= “|V\v§d96uE U{(vo, T} U {(ew, =) |w € Vi*}
C o % for v =g or v € V\VEWE with p(v) = #4
Pl p(v)i= {p(v) otherwise



100 9 Semantics for Existential Concept Graphs

This completes the definition of ¥. In particular, ¥ translates formulas with-
out free variables to simple concept graphs with negations and dominating
nodes.

In Chap. 2 we had shown that the ordered set of contexts (Cut U{T}, <) is
a tree (see Cor. 2.5) and can be considered to be the ‘skeleton’ of a concept
graph with cuts. In Chap. 8, Def. 8.5 we had defined a corresponding structure
for FOL-formulas. Now the inductive definition of ¥ yields the following: If
fisaformula and ¥(f) := & := (V, E,v, T, Cut, area, k, p) then it is evident
that (Negy, <) and (Cut U {T}, <) are isomorphic orders. We denote the
canonically given isomorphism by Wney : Negy — Cut U {T}.

As implications are important (e.g. nearly all axioms and rules of the FOL-
calculus are build up from implications), we want to remark the following: If
f and g are sentences, then we have

U(f—g)=P(fA=9)= (v @)

This device of two nested cuts is what Peirce called a scroll. Scrolls are the
kind how implications are written down in existential graphs and in concept
graphs.

As we have finished the definition of ¥ : FOL — CG, we proceed with the
definition of @ : CG — FOL.

Definition of .

Let & := (V,E,v, T,Cut,area, k,p) be a simple concept graph with cuts,
variables, and dominating nodes. We set Free(®) := {a € Var|3v €
V.p(v) = x4}, and we assign to each vertex v € V* a fresh variable
a, ¢ Free(®), so that we can define the following mapping @; on V:

ay, for p(v) = *
&i(v) := ¢« for p(v) = %, and o € Var
g for p(v)=gand g€ G

Let dempty ¢ Free(®)U{a, |v € V and p(v) = *} be a further variable. Now,
inductively over the tree Cut U {T }, we assign to each context ¢ € CutU{T}
a formula @(®, ¢). So let ¢ be a context such that (&, d) is already defined
for each cut d < c. First, we define a formula f which encodes all edges and
vertices which are directly enclosed by c. Hence, if ¢ does not directly enclose
any edges or vertices, simply set f := (Jctempty- T (Qempty)). Otherwise, let f
be the conjunction of the following atomic formulas:

3 Like in Def. 8.1, the signs which have to be understood literally are underlined.
For example, the first formula is the sequence of signs which consists of the result
of the evaluation of x(w), a left bracket, the result of the evaluation of ®;(w)
and a right bracket.
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To illustrate the mappings @ and ¥, we give a small sample. A well-known
example for translating first order logic to existential graphs is the formula
which expresses that a binary relation F' is a (total) function. This formula
is written down only by using the 3-quantifier and the junctors A and —. It

is
fi= 3Ty (eFy A—Fz.(xFz A~ (y = 2)))

Fig. 9.1. the concept graph ¥(f) and the appropriate existential graph for f

The translations of this formula into a concept graph (by @) and into an
existential graph are shown in Fig. 9.1. Please note the structural similarities
between these two different kind of graphs. Now the concept graph in Fig.
9.1 can be translated back to a first order logic formula by the mapping
@. One possible result (up to the chosen variables and to the order of the
subformulas) is:

SW(f)) = "Fo(T(x) A=Fy(T(y) AeFyA—-3.2(T(z) NaFz A—=(Ay = 2))))

If we erase all subformulas T(...) of this formula, we gain f again. In partic-
ular, we have f + ®(W(f)) and ¢(¥(f)) F f (see Thm. 11.8).

9.3 Semantical Equivalence

Contextual structures can be considered to be an extension of relational struc-
tures. Roughly spoken: If we remove all the intensional information from a
contextual structure, we get a relational structure. This yields the following
definition:

Definition 9.6 (Rel. Structure Induced by Context. Structure).

Let (K,\) be a contextual structure. Then let Mgy = (U,I) be the

following relational structure: U = Gq, Ig(g) = Xg(g) for all g € G,
Ic(C) := Ext(Ac(C)) for all C € C and Ir(R) := Ext(Ar(R)) for all R € R.
The relational structure M(K N 8 called the relational structure of (K, \).
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k(w) (P (w)) with w € V N area(c),

Dy (w1) =Py (we) with k € E¥n area(c) und v(k) = (w1, w2), and
K(@)K@t(wl)l. o Pe(w; )2 with e € E™o™id N area(c) and v(e) = (wq,...,w;).
Let vy, ...,v, be the vertices of & which are enclosed by ¢ and which fulfill
p(v;) = *, and let area(c) N Cut = {c1,...,a} (by induction, we already
assigned formulas to these cuts). If I = 0, set $(&,¢) := Jow,.... o, .f ,
otherwise set

(B, ¢) :=Jaw,....Jay, . (fADP(G,c1)A.. . A=DP(B,¢))

Finally set (&) := @(8, T), and the definition of @ is finished.

Let & be a concept graph and f := ¢(&). Similar as for ¥, it is evident that
(Cut U{T}, <) and (Negy, <) are isomorphic quasiorders. We denote the
canonically given isomorphism by @cy: : Cut U{T} — Negy.

We want to point out that @ is, strictly speaking, not a function. We have
assigned arbitrary variables to the generic nodes, and the order of quantifiers
or formulas in conjunctions is arbitrary as well. So @ determines a formula
only up to the names of the variables, the order of quantifiers and the order
of the subformulas of conjunctions. To put it more formally: The image &(&)
of a concept graph & is only uniquely given up to the following equivalence
relation:*

Definition 9.5 (First Equivalence Relation for Formulas).

Let =2 be the smallest equivalence relation on FOL such that the following
conditions hold:

1. If f1, fa, f3 are formulas then we have f1Afo = faAf1 and (fi Af2) A fg &
fin(f2 A f3),

2.1f f1,f2 are formulas with fi1 = fo and if o, are variables then
Jo.36.f1 =2 363 fo,

S.4f f and [’ are equal up to renaming bound variables then f = [’ and

4.4 f1, f2, 91,92 are formulas with f1 = fo and g1 = go then —f1 = —fs,
AN faAge and Ja.fi & Fa. fo.

It is well known that - f < g for formulas f,g with f = g¢. In particular
we have f I g and g F f. So all possible images ¢(®) of a concept graph &
are provably equivalent and can therefore be identified, and we consider @ a
mapping which assigns a formula to each concept graph.

4 We provide a definition for this equivalence relation for two reasons: First, the
definition explicates the explanation we have just given. Second, we will extend
this definition in Sect. 11.1 where we will show that f and (¥ (f)) are equivalent.
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On the other hand, we can assign to each relational structure a power context
family K with adequate functions Ag, A¢ and Ag. This is done now:

Definition 9.7 (Context. Structure Induced by Rel. Structure).

Let M := (U,I) be a relational structure over A. Then define a contextual
structure (K, Mm = (K, A) as follows: First define the power context family
K:

1. Go :=U and Gy, :=UF for each k =1,...,n,
2. My :=C and My := Ry for each k=1,...,n,
3. (9,0) € Iy <= g € I(C) for C €C and
4. ((g15---,9%), R) € I, <= (g91,--.,9k) € I(R) for R € Ry.
Now set Ag(g) := I(g) for each g € G, \c(C) := (CTo,CTolo) and Az (R) =

(Rx, RIxI¥) for each R € Ry. Then (K, M m is called the K—interpretation
of M.

The mappings between CG and contextual models on the one side and FOL
and relational models on the other side can now be sketched as in Figure 9.2:

(K, \) E ® e CG
(KN = Mgy | | M= KA um o |w
M= (U, 1) = f € FOL

Fig. 9.2. the mappings between CG and FOL

The following lemma is easy to see:

Lemma 9.8.

For each relational structure M we have M(]K NV M.
) M

Without proof.

We want to point out that the ‘inverse direction’ of this lemma does not
hold, i.e., we do not have (]K, )‘)Mum) = (K, A). The main reason for this
is as follows: Each concept name and each relation name of A is mapped
to a concept of K, but K may contain further concepts. When we construct

M(K NE these additional concepts are not considered, i.e., they get lost. Thus
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we cannot even expect that the concept lattices of (KK, \) M, and (K, ) are
isomorphic. Due to this point, contextual structures are richer than relational
structures. This is mainly caused by the ‘intensional information’ which is

encoded only in contextual structures.

If we now look back into the definition of the relation = between contextual
structures and concept graphs, more precisely: into the vertex conditions and
edge conditions of Def. 9.3 and Def. 9.2, we realize that only the extensions
of formal concepts were checked. This yields the following lemma:

Lemma 9.9 (Equivalence for Rel. and Contextual Structures).

Let & := (V,E,v, T,Cut,area, K, p) be an existential concept graph with cuts
and let (K, \) be a contextual structure over A. Then we have the following

equivalence: B
KNES6 — Mg, E2(8)

Proof: Let & := (V,E,v, T,Cut,area, k,p). Remember that @ is defined
inductively over Cut U {T}. The same holds for the relation .uss. In
the definition of |=j4ss, we needed total valuations ref : V. — Gy. In
the definition of @, we assigned to each generic vertex v € V* a vari-
able @;(v) € Var. Using @;, we can canonically transform each valuation
ref : V. — Gy to a valuation val,.r : Var — Go on the set of variables by
setting val,.r(a) := ref(®; ! (a)) for each variable a # @empry Which occurs
in ¢(&) (for all other variables «, the image val,c¢(a) is arbitrary). Using
this definition, it is easy to show inductively over Cut U {T} that, for every
total valuation ref : V' — Gq and every context ¢ € Cut U {T}, we have the
following equivalence:

(K7 )\) ):class ®[Ca ref] — M(K)\) ):valmf@(@,c)
If we take now an arbitrary valuation ref, we have

(K7 )\) ):class 6 <— (K7 )\) |:class @[T,Tef]
<~ M(K,/\) ':yalref @((’5, T)
= Mg\ Eo(8)

The last equivalence holds because ¢(&) = $(&, T) has no free variables. O

Theorem 9.10 (Main Semantical Theorem for ).
Let &1 and By be concept graphs over A. Then we have:

&, ': &s < @(@1) ': @(@2)

Proof: Assume we have 1 = 5. Let M be a relational structure such that
M = &(&1). Then we have
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bem 29 (R \)(M) = 6,
presugsition (K7 )\)(M) ): 62

Hence, one direction is shown. Now assume &(®;) = #(6,) and let (K, \) be
a contextual structure of & (i.e., (K, \) | &1). Then we have

=

m. 9.9
“ Mz F 2(61)
resupposition
presuppo Mgz ) E B(82)

Lem. 9.9 (K, \) | &,

(K, \) E 6,

and the proof is finished.



10 Calculus for Existential Concept Graphs

In this chapter, we will provide the calculus for existential concept graphs
with cuts and a couple of derived rules. Furthermore we will show that the
calculus is sound with respect to the semantics we presented in the last chap-
ter.

10.1 Calculus

The calculus for existential concept graphs which we will provide in this
section is an extension of the calculus for nonezistential concept graphs with
cuts. It consists of the same set of rules as the calculus for nonexistential
concept graphs, but some rules are modified (in most cases slightly extended)
in order to respect the properties of the generic marker. Similar to Sec. 5.1,
we will first describe the whole calculus using common spoken language.
After this, we present mathematical definitions for those rules which have a
different mathematization than their nonexistential counterparts.

Definition 10.1 (Calculus for Existential Concept Graphs).

The calculus for existential concept graphs with cuts over the alphabet A :=
(G,C,R) consists of the following rules:

— erasure

In positive contexts, any directly enclosed edge, isolated vertex, and closed
subgraph may be erased.
— insertion

In negative contexts, any directly enclosed edge, isolated vertex, and closed
subgraph may be inserted.

— iteration
Let &g := (Vi Eo, vo, To, Cutg, areag, ko, po) be a (not necessarily closed)
subgraph of & and let ¢ < ctx(Bg) be a context such that ¢ ¢ Cuty. Then a

copy of &y may be inserted into c. For every vertex v € Vi with ctz(v) =
ctxz(Bg), an identity-link from v to its copy may be inserted.

F. Dau: The Logic System of Concept Graphs with Negation, LNAI 2892, pp. 107-123, 2003.
© Springer-Verlag Berlin Heidelberg 2003
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— deiteration

If B¢ is a subgraph of & which could have been inserted by rule of iteration,
then it may be erased.

— double cuts

Double cuts (two cuts c1,ca with area(c1) = {c2}) may be inserted or
erased.

— generalization

For evenly enclosed vertices and edges, their concept names or object names
resp. their relation names may be generalized.

— specialization
For oddly enclosed vertices and edges, their concept names or object names
resp. their relation names may be specialized.

— isomorphism
A graph may be substituted by an isomorphic copy of itself.

- exchanging references
Let e € E' be an identity link with p(e|1) =g, p(e‘Q) = g2, 91,92 € GU{x}
and ctz(e) = ctm(e‘l) = ctx(e|2). Then the references of vi and va may
be exchanged, i.e., the following may be done: We can set p(e|1) = g2 and
plel,) = g1.

— merging two vertices
Let e € E' be an identity link with v(e) = (v1,v2) such that ctz(vy) >
ctx(e) = ctx(va), p(vr) = p(v2) and k(ve) = T hold. Then vy may be
merged into ve, i.e., v1 and e are erased and, for every edge e € F, e|Z_ =1
s replaced by e‘i = V3.

— splitting a vertex
Let g € GU {x}. Let v = be a vertex in the context ¢y and incident
with relation edges Ry, ..., Ry, placed in contexts c1,...,cy,, Tespectively.
Let ¢ be a context such that c1,...,c, < c < cg. Then the following may be
done: In ¢, a new vertex v’ :m and a new identity-link between v and

v’ is inserted. On R1,..., Ry, arbitrary occurences of v are substituted by

v,

— T-erasure

For g € GU {x}, an isolated vertex may be erased from arbitrary

contexts.
— T-insertion

For g € GU {x}, an isolated vertex may be inserted in arbitrary
contexts.
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— identity-erasure
Let g € G, let v1 = and vg = be two vertices. Then any
identity-link between vy and vy may be erased.

— identity-insertion
Let g € G, let vy z‘Pl i g

resp. and let ¢ < c1,ca be a context. Then an identity-link between v and
ve may be inserted into c.

, Vo :‘ Py g‘ be two vertices in contexts cy1, ca,

The main changes between the calculus for nonexistential concept graphs
and this calculus have been made in the rules ‘iteration’/‘deiteration’ and
‘splitting a vertex’/‘merging two vertices’.

What is new in the iteration-rule is that we allowed to draw identity links
from some of the vertices of the iterated subgraph to their copies. As the
deiteration-rule is simply the inversion of the iteration-rule, the deiteration-
rule is affected, too.

What is new in the rule ‘splitting a vertex’ is the following: When we split a
vertex into two vertices, an identity-link has to be drawn between these two
vertices. This has been added to the rule since we are allowed to split generic
vertices (i.e., vertices v € V*), and without the newly added identity-link it
is not clear that the two vertices which result from the splitting-operation
have to refer to the same object. As the rule ‘merging two vertices’ is the
inversion of the rule ‘splitting a vertex’, this rule is affected, too.

As the rules ‘iteration’/‘deiteration’ and ‘splitting a vertex’/‘merging two
vertices’ have significantly changed, we will provide the mathematical defini-
tions for the Beta-versions of these rules. All remaining rules have the same
mathematical formalization as their nonexistential counterparts. The only
difference between the rules in Alpha and Beta is: In Beta we have to con-
sider generic markers, too. To give an examples for this: As we have * > ¢ for
each g € G, the generalization rule now allows for positive enclosed vertices
to change the reference g of the vertex to the generic marker .

Before we provide the mathematical definitions for the Beta-version of the
rules ‘iteration’/‘deiteration’ and ‘splitting a vertex’/‘merging two vertices’,
we give some examples for them.

Ezxample 10.2. Here is an example for the iteration-rule. For one of the two
possible vertices, an identity link is inserted to its copy. Compare this example
with the example for the iteration-rule on p. 52 in the part Alpha of this
treatise.
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Here are two examples for the rule ‘splitting a vertex’:

==| - eem
- S ®
2

Now we are prepared to give the mathematical definition for the rules ‘iter-
ation’/‘deiteration’ and ‘merging two vertices’/‘splitting a vertex’.

— iteration and deiteration

Let & := (V, E,v, T,Cut,area, k, p) be a concept graph with the subgraph
G = (Vo, Eo, vo, To, Cutg, areag, ko, po) and ¢ ¢_ Cuty be context. Let
V C{v e Vyl|ectz(v) = To}. For each vertex v € V let e, be a new edge

such that V, E, E := {e,|v € V} and Cut U {T} are pairwise disjoint.
Now let & := (V', E', v/, T',Cut’,ared’,x/, p’) be the following graph:
- V' =Vx{1} U Vpx{2}
— E':=Ex{1} U Exx{2} U Ex{2}

((v1,4), .-+, (vn, 1)) for (e,i) € E'\(Ex{2}) and

- v'((e,1)) := v(e) = (vi,-..,vn)
((v,1),(v,2)) fore=e¢, € E

—-T':=T

= Cut’ := Cutx{1} U Cutox{2}

— ared’ is defined as follows:
for (d,i) € Cut’ and d # ¢, let area’((d, 1)) := area(d) x {i} and
area’((c,1)) := area(c)x {1} U areao(To)x {2} U Ex{2}

/ [ (k) for (ki) € V' UE'\(Ex{2
— #((k,9)) '_{ (i)for Ek,i%EEx{Q} S

= ' ((v,4)) = p(v) for all (v,3) € V’
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Then we say that &’ is derived from & by iterating the subgraph &q into
the context c and & is derived from &’ by deiterating the subgraph &g from
the contezt c.

— merging two vertices and splitting a vertex

Let & := (V,E,v, T,Cut,area, k, p) be a concept graph. Let e € E* be
an identity link with v(e) = (v1,v2) or v(e) = (v2,v1) such that ctx(vy) >
ctz(e) = ctx(va), p(v1) = p(v2) and k(ve) = T.

Now let &' := (V' E', v/, T/, Cut’,ared’, x’, p’) be the following graph:
- V' i=V\{vs}

- E' .= E\{e}

— v/ is defined as follows: For v(f) = (w1,...,wy), f € E' let

VI(f) = (wh,...,w)) with w} := {
- T':=T
- Cut’' := Cut

— ared/(c) := area(c)|yupucwu(Ty for ¢ € Cut’ U{T'}.

w; for w; # vy
vy for w; = va

K = Klyup
- p =plv

Then we say that &’ is derived from & by merging v1 into v and & is
derived from &’ by splitting v;.

10.2 Derived Rules

In [14] we presented a preliminary version of the calculus we provide in this
thesis. This calculus of [14] contains a rule, namely the ‘congruence rule’,
which is practical to have. The congruence rule is not contained by the cal-
culus we provide in this treatise, but it can now be derived.

The idea of the rule is the following: Let & := (V, E,v, T, Cut, area, k, p) be
a concept graph, and let v = with g € G be a vertex in a context c.
The concept box v = contains two names, namely the object name g and the

concept name P. We can split v into two concept boxes such that one concept
box contains the object name and the other one contains the concept name,

i.e., the following may be done: In ¢, a new vertex v/ = and a new
identity link between v and v’ is inserted. Then v = is substituted by

.

To illustrate this procedure, we provide the example below.
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We start with the graph

If we split concept box , we get,
=

The mathematical definition for the procedure is as follows:

— congruence rule

Let & be the concept graph and let v € V be a concept box with k(v) = P,
p(v) = g. Let v/ be a new vertex and e’ be a new edge (i.e.,, V,{v'}, E,
{¢'}, and Cut U {T} are pairwise disjoint).

Now let &' := (V' E', v/, T/, Cut’,ared’, k', p’) be the following graph:
- V=vVu{v}
- B :=FEU{e}
v for e’
V/(f)Z{( (f) f7é

v,v") for f=¢
- T':=T
- Cut’ := Cut
B e area(d) for d#c
area’(d) := {area(c) U{v',e'} ford=c

k(k) for k£ €
- K'(k) = T for k=1
= fork=¢

p(w) for w # v, v’
- pl(w) = * forw=v
g for w=1'

Then we say that &’ is constructed from & by applying the congruence-rule.

Lemma 10.3 (Congruence Rule).

Let &' be constructed from & by applying the congruence-rule. Then & and
&’ are provably equivalent, i.e., we have & - &' and &' F &.

Proof: Let v = be a vertex. The fact that v is allowed to be inci-
dent with arbitrary edges will be sketched in the following informal manner:
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We distinguish whether cta(v) is positive or negative, and we start with the
case that ctz(v) is positive. Then we have

- T —ins. -
T [ e
id—ins. -
a (=) |
gen.

et

This derivation can be carried out in arbitrary positive contexts. Thus, the
inverse derivation (from the right to the left, using the rules specialization,
identity-erasure and T-erasure) can be carried out in arbitrary negative con-
texts.! If otherwise ctx(v) is negative, we have

T—ins.

Pe r [ Pal

ins.
:

exchg.ref.

m [ HEHP

This derivation can be carried out in arbitrary negative contexts. A simi-
lar argumentation to the first case yields that the inverse derivation can be
carried out in arbitrary positive contexts.

From both cases we conclude that & and &’ are provably equivalent. O

From Lem. 10.3 we can immediately conclude the following corollary, which
is a combination of the Congruence Rule and the ‘splitting a vertex’-rule. The

crucial point is that, in contrast to the ‘splitting a vertex’-rule, v = is

substituted by and not by , even if g # x*.

Corollary 10.4.
Let & := (V,E,v, T,Cut,area, k, p) be a concept graph. Let g € GU {x} and
let v = be a vertex in a context c. Then the following may be done:

In ¢, a new vertex v’ = and a new identity link between v and v is
inserted. Then v = s substituted by .

! This is an analogous argumentation to the proof of the Cut-and-Paste Theorem,
i.e., Lem. 5.4, in the part Alpha.
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Proof: Let v = be a vertex in an arbitrary context with g € G U {x}
and P € C. Then we can do the following;:

Cong. Rule

:
splitting a vertex -
- =) =) |

Cong.Rule

- Pigf( =T

As this derivation can be carried out in both directions, the proof is finished.
O

Again we provide an example for the procedure described in the lemma.

MAT: *‘ - ‘CAT:Yoyo}—@—{ T % MAT: *‘

Corollary 10.4 allows us in some proofs to assume w.l.o.g. that some vertices

we consider have the form . An example for this can be already found
in the proof of the next lemma.

After proving two congruence results, we will now focus on the treatment
of identity. Identity is a reflexive, transitive, and symmetric relation. In the
calculus we use for FOL (see Fig. 8.1), these properties are directly captured
through the axioms Id1, Id2 and Id3. Identity links in concept graphs are
treated differently, and the axioms Id1, Id2 and Id3 have no corresponding
rules in the calculus for concept graphs. Nevertheless, is has to be expected
that identity links can be handled in a reflexive, transitive, and symmetric
manner. This is formalized and proven in the next lemma.

Lemma 10.5 (Id.-Links are Reflexive, Transitive, Symmetric).

Identity links are reflexive, transitive, and symmetric, i.e. the following op-
erations may be performed:

- Reflexivity: Let v € V' be an arbitrary vertex. Then an identity link e with
k(e) ==, ctz(e) = ctz(v) and 6‘1 = 6‘2 = v may be inserted or erased.

— Symmetry: Let e be an edge with k(e) ==. Then e may be substituted by
an edge e’ which satisfies e"l = e|2, e"2 = e|1 and ctz(e') = ctx(e) (i.e.,
the orientation of the edge is reversed).

— Transitivity: Let ey, ex be two edges with k(e1) = k(e2) ==, ctz(ey) =
ctx(eg) and €1|2 = 62‘1. Then an edge e with k(e) ==, ctx(e) = ctx(ey),
6‘1 = el|1 and 6‘2 = 62|2 may be inserted or erased.



10.2 Derived Rules 115

Proof: We start with the proof for reflexivity.

Let v g € GU {*} be a concept
*

box in an arbitrary context (incident
with arbitrary edges):

A twofold application of the rule

‘splitting a vertex’ yields: P:g @ Tig @T:‘g .

Iteration yields:

\P:g @T:g @T:L F

Now the two new vertices are

merged into their counterparts: P:g @ Tig @T:‘g F

The left concept box is merged

back into :

The remaining concept box is

merged back into : Pg]| L
II

Note that the whole proof can be carried out in both directions, hence the
proof of the reflexivity is done.

We proceed with the proof for symmetry. Corollary 10.4 allows us to assume
that e|1 =elp = (if for example e|; = m % n apply the
congruence rule to transform e|; into| T : * , carry out the

T e )

Furthermore we can assume that we have ctz(el1) = ctz(els) = ctz(e) (if
for example ctx(e|1) > ctx(e), split the vertex e|; such that the new vertex

is placed in ctz(e), carry out the proof and apply the rule ‘merging
two vertices’ to reverse the splitting at the beginning).

Now let v1 = and vy = be two vertices and let e be an identity

link with e|; = vy, e|]a = vy and cta(e|1) = ctz(e|2) = ctx(e). Then we have

proof and transform
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- splitting a vertex | | -
S e e i

merging two vertices
- T (=)

which finishes the proof for symmetry.

The proof for transitivity relies on the same ideas, hence it is omitted here.O

We want to point out that Lem. 10.5 allows us to omit the labelling of identity
links in the rest of this treatise.

10.3 Soundness of the Calculus

Like in the proof for the soundness of the calculus in the part Alpha of this
treatise, the main concept for this proof is the concept of an isomorphism
except a context (see Def. 2.13). The use of the generic marker forced the
definition and use of partial and total valuations which assign objects to
generic nodes when we evaluate a concept graph. Valuations are canonically
transferred by an isomorphism except a context. This is captured by the
following definition.

Definition 10.6 (Partial Isomorphism Applied to Valuations).

Let  := (V,E,v, T,Cut,area, k,p), & := (V' E' V' T Cut' ared k', p')
be concept graphs with cuts and let f be an isomorphism between & and
&' except for ¢ € Cut and ¢’ € Cut’. Let ref be a partial valuation on
such that dom(ref) N{v € V*|ctx(v) < ¢} = 0. Then we define f(ref) on
{f(v)[veVndom(ref)} by f(ref)(f(v)) :==ref(v).

Now we can start with the proof of the soundness. The main theorem for the
whole proof is the following:

Theorem 10.7 (Main Thm. for Soundness, Implication Version).
Let & .= (V,E,v, T,Cut,area, k,p), & = (V,E' V', T, Cut',ared’ &', p’)
be two graphs and let f be an isomorphism between & and &' except for
the cuts ¢ € Cut and ¢ € Cut’. Let D C Cut U{T} be a set of contexts
with ¢ € D and which fulfills for all contexts d,e the following implication:
de DANe<dANe £ c=ecD. Let refy be a partial valuation which fulfills
dom(refo) 2 {v € V*|ctz(v) ¢ DAIdeE D.ctx(v) > d} and which fulfills
dom(refo)N{v e V*|3deD.ctx(v) <d} = 0.

Now let Q(d) be the following property for contexts d € D:

— If d is positive and ref 2 refy is a partial valuation for d such that
(K, ) Fendo 8d, ref] then (K, A) Fenao &'[f(d), f(ref)]
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— If d is negative and ref O refy is a partial valuation for d such that

(K, ) Fendo ®[d, ref] then (K, \) Fendo ®'[f(d), f(ref)]

If Q holds for c, then QQ holds for each d € D.

Proof: In Fig. 10.1 we have sketched one situation in which this theorem will
be applied. In this situation, we have a cut ¢y > ¢, and the set D contains all
cuts below cg which are not below ¢. This situation will occur when in the
graph & a subgraph is iterated from the cut ¢y into the cut ¢. (Furthermore
results from this situation the name refy for the valuation which assigns
objects to the concept boxes above D.)

B

,,,,,,,,,,,,,,,D,

Fig. 10.1. The situation when a subgraph is iterated from ¢y into ¢

Proof: We set D :={d € Cut U{T}|d £ c¢}. D is a tree such that for each
d € D with d # ¢ and each e € Cut U {T} with e < d we have e € D. For
this reason we can carry out the proof by induction over D. So let d € D,
d # ¢ (we know that c¢ satisfies Q) be a context such that Q(e) holds for all
cuts e € area(d) N Cut. Furthermore let ref be a partial valuation for d.

Like in the proof of Thm. 6.1 in the part Alpha of this treatise, there are two
cases to consider:

— First Case: d is positive and (K, \) Eendo |d, ref].

As we have (K, A) Eendo ®ld, ref], we can extend ref to a mapping ref :
dom(ref) U (V Narea(d)) — Go such that all vertex- and edge-conditions

in d hold and such that (K, \) Fendo ®le, ;‘;j] for all cuts e € area(d) N
Cut. Like in Def. 10.6, f(ref) can be canonically extended to f(ref) such
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that we have f(ref) = f (;67 ). The isomorphism yields that all edge and

—_—

vertex conditions hold for f(ref), and the induction hypothesis yields that
(K, ) Fendo ®'[f(€), f/(‘r\e?)] for all cuts e € area(d)UCut. Hence we have
(K, ) Fenao ®'[£(d), f(ref).

— Second Case: d is negative and (K, \) Fengo 6[d, ref].

Assume that we have (K, \) Eengo &'[f(d), f(ref)], ic., f(ref) can be ex-
tended to f(ref) such that all vertex and edge conditions hold in f(d) and
such that (K, \) Fenao &'[¢/, f(ref)] for all cuts ¢/ € area(f(d)) N Cut'.

Obviously there exists an extension ref of ref such that f(;evf ) = f(ref).

We conclude that all edge and vertex conditions hold for/fe/f in d.
Our assumption yields that we have (K, \) Fendo &'[f(e), f(ref)], ie.,
(K, N\) Hendo 6'[f(e),f(:e?)] for all cuts e € area(d). By induction hy-
pothesis we have (K, \) Fendo ®e, 7767] for all cuts e € area(d). So ref is

an extension of ref which fulfills all properties of Def. 9.3, hence we have
(K, ) Eendo ®[d,ref], a contradiction.

From both cases we conclude the theorem. O

This is the main theorem to prove the soundness of those rules which weaken
the informational content? of a graph (e.g. erasure and insertion). Other rules
(e.g. iteration and deiteration) do not change the informational content and
may therefore be performed in both directions. For proving the soundness of
those rules, a second version of this theorem is needed which does not distin-
guish between positive and negative contexts and which uses an equivalence
instead of two implications for the property Q.

Theorem 10.8 (Main Thm. for Soundness, Equivalence Version).

Let  := (V,E,v, T,Cut,area, k,p), & := (V',E' vV T Cut' ared k', p")
be two graphs and let f be an isomorphism between & and &' except for
the cuts ¢ € Cut and ¢ € Cut’. Let D C Cut U{T} be a set of contexts
with ¢ € D and which fulfills for all contexts d,e the following implication:
de DANe<dANe£c=ecD. Let refy be a partial valuation which fulfills
dom(refo) D {v € V*|ctx(v) ¢ DAIde D .ctx(v) > d} and which fulfills
dom(refo) N{v e V*|3deD.ctx(v) <d} = 0.

2 A precise definition of informational content, which is called conceptual content,
can be found in [79], [80]. Here it is sufficient to use a naive understanding of
this term.
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Now let Q(d) be the following property for contexts d € D:

Every partial valuation ref for d with ref D refy satisfies
(K, N) Fendo ®ld,ref] <= (K, )) Fendo '[f(d), f(ref)]
If Q holds for c, then QQ holds for each d € D.

Proof: Done analogously to the proof of Thm. 10.7. a.

The next two corollaries follow immediately from the last two theorems by
setting D := {d € CutU{T}|d £ c} (hence dom(refy) = (). Please note that
Cor. 10.9 is the Beta-version of Thm. 6.1. In Lem. 10.13 we will need Thm.
10.8 as well as Cor. 10.10. To avoid confusion in the proof of Lem. 10.13, we
denote the Property in Corollaries 10.9 and 10.10 by P and not again by Q.

Corollary 10.9 (Main Cor. for Soundness, Implication Version).

Let & .= (V,E,v, T,Cut,area, k,p), & = (V',E' )V, T Cut',ared &', p’)
be two graphs and let f be an isomorphism between & and &' except for
ceCut and ¢ € Cut'. Set Cut, :={d € Cut U{T}|d & c}. Let (K, \) be a
conteztual model and let P(d) be the following property for contexts d € Cut,:

— If d 1s a positive context and ref is a partial valuation for d which fulfills
(K, ) Eendo ®[d,ref], then (K, A) Fendo &'[f(d), f(ref)] , and

— if d is a negative context and ref is a partial valuation for d which fulfills

(K, X) Foendo ®[d, ref], then (K,\) Fendo ®'[f(d), f(ref)] -
If P holds for c, then P holds for each d € Cut..

Corollary 10.10 (Main Cor. for Soundness, Equivalence Version).

Let  := (V,E,v, T,Cut,area, k,p), & := (V' E' vV T Cut' ared k', p')
be two graphs and let f be an isomorphism between & and &' except for
¢ € Cut and ¢ € Cut'. Set Cut, :={d € Cut U{T}|d £ ¢}. Let (K, ) be a
contextual model and let P(d) be the following property for contexts d € Cut..:

Every partial valuation ref for d satisfies
(KN Fendo ®ld,ref] <= (K, N) Fendo '[f(d), f(ref)]
If P holds for c, then P holds for each d € Cut..

Now we can start to prove the soundness of all rules. We begin with the rules
erasure and insertion. This lemma corresponds to Lem. 6.3 in the part Alpha
of this treatise.
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Lemma 10.11 (Erasure and Insertion are Sound).

If & and &' are two concept graphs with cuts, (K, A) is a contextual structure
with (K, \) = & and &' is derived from & by applying the rule ‘erasure’ or
“insertion’, then (K, \) = &’.

Proof: We only show the soundness of the erasure-rule.

Let & := (Vo, Eo, vo, To, Cuto, areag) be the subgraph which is erased. g
is erased from the area of the positive context ¢ := To. Obviously, & and &’
are isomorphic except for the context ¢ by the (trivial) identity mapping. Let
ref be a partial valuation for ¢ such that (K, A) Eendo B[c, ref]. It is easy to
see that we have (K, \) Eendo ®'[f(c),ref]. So the property P of Cor. 10.9
holds for ¢, hence Cor. 10.9 can be applied. This yields the proposition.

The proof for the insertion-rule is done analogously. O

Obviously, the idea of this proof is the same as in the proof for Lem. 6.3
in the part Alpha of this treatise. This is the same for all rules except for
iteration and deiteration. So we come immediately to the following lemma:

Lemma 10.12 (Further Rules are Sound).

Let & and &' bjz two concept graphs with cuts, let (K, A) be a contextual
structure with (K, \) = & and let & be derived from & by applying one of
the following rules:

— double cuts

— generalization or specialization

— isomorphism

— exchanging references

— merging two vertices or splitting a vertex

— T-erasure or T-insertion

— identity-erasure or identity-insertion
Then (K, \) = &',

Proof: Using Corollaries 10.9 and 10.10, the proofs are done analogously to
the proofs of the appropriate lemmata in the part Alpha of this treatise. O

Unfortunately, the proof for the soundness of the rules iteration and its coun-
terpart deiteration is much more complex than in the Alpha-part of this trea-
tise. The main reason is the following: Let &y be a subgraph of a graph &
which is iterated into a context c. Particulary (if ¢ contains generic nodes

on its sheet of asseretion), new generic nodes are added to c.

When we now evaluate the graph in a model with the endoporeutic method
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of Peirce, we have to assign objects to these nodes. The assignment of the
‘right” objects will depend on which objects we have already assigned to
generic nodes which are placed in the same or higher context as the new
nodes. But the new nodes are copies of already existing nodes (their origins
of &p). Each time when we reach the new nodes while performing the endo-
poreutic method, we have already assigned objects to their origins. It turns
out that we should assign the same objects to the old and new nodes to gain
that the old and the new graph become equivalent. This idea is worked out
in the proof for the following lemma.

Lemma 10.13 (Iteration and Deiteration are Sound).

If & and &' are two concept graphs with cuts, (K, A) is a contextual structure
with (K,\) |E & and &' is derived from & by applying the rule ‘iteration’ or
‘deiteration’, then (K,\) £ &’.

Proof: Let & := (V, E, v, T, Cut,area, k, p) be a concept graph with the (not
necessarily closed) subgraph &g := (Vp, Eo, vo, 10, Cutg, areaq, ko, po). Let
& = (V,E' VT, Cut' ared k', p') be a graph which is derived from &
by iterating & into the context c. Consider the canonical mapping f which
is defined by f(k) = (k,1) for k € EUVUCwut. Then & and &' are isomorphic
up to ¢o := T and (¢, 1) by f. They are even isomorphic up to ¢ and (¢, 1).
We want to apply Cor. 10.10 to &, ¢g and &, (co, 1), so let ref be a partial
valuation for ¢g. Then we have a corresponding partial valuation f(ref) for
f(co) = (co,1). We have to show that the property P of Cor. 10.10 holds for
cp. In order to do this, we distinguish two cases:

— First case: ¢ = ¢

We want to prove

(K, A) Fendo ®leo,ref] <= (K X) Fendo ®'[(co, 1), f(ref)]  (10.1)
i.e., we have to show the following;:

~ For each extension ref of ref on area(co) with (K, A) Eendo @[co,;é?]

exists an extension f(ref) of f(ref) on area’((co, 1)) with (K, \) Eendo

—_~—

®'[(co, 1), f(ref)], and

— Vice versa: For each extension f(ref) of f(ref) on area’((co,1)) with

(K, A) Eendo ®'[(co, 1), f(ref)] exists an extension ref of ref on area(cy)

with (K, \) Eendo ®co, ref].
We start with ‘=" of (10.1), i.e., we assume that ref is a partial valuation
for ¢o which fulfills (K, A) Eendo B[co, ref]. This means that we can extend
ref toref onarea(co) (ie., dom(ref) = dom(ref)U{v € V* | ctz(v) = ¢o})

such that (K, \) Eendo ®co, ref] holds.
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We can extend f(ref) on area’((c,1)) in the same way as ref: For each

(v,i) € area((cg,1)) (hence v € area(cp)) let f(ref)/(_(\zi,/i)) = rAe?(v). It
is easy to see that we have (K, ) [Fendo ®'[(co,1), f(ref)], thus we have
(K, \) Eendo 8[(co,1), f(ref)]. In particular ‘=" of (10.1) holds.

Assume on the other hand (K, \) Eengo &'[(co,1), f(ref)]. Then we can
extend f(ref) to f(ref) such that (K A) Eendo 8'[(co, ),f(?“ef)] holds.

Now extend ref to ref by ref( ) = f(ref)(( 1)). It is easy to see that
we have (K A) Eendo [co,ref] hence we have (K, \) Eengo ®[co,ref].
Hence ‘<=’ of (10.1) holds.

As we have shown (10.1), we conclude that P holds for ¢g.

— Second case: ¢ < ¢y

Let refp be an extension of ref on area(cy). We want to show that we
have

(K, \) Eendo Blco, refo] <= (K, A) Eendo &' [(co, 1), f(refo)]. (10.2)

The context ¢y contains the vertices, edges and cuts which are written
in the subgraph & on its sheet of assertion (i.e., ¢p), but there may be
more vertices, edges and cuts in ¢g. So in order to check whether we have
(K, A) Eendo B[co, ref], we have particularly to check whether all vertex-
conditions for vertices v € Vy N areap(cp), all edge-conditions for edges
e € Ey Nareap(co) and all cut-conditions for all cuts d € Cutg Narea(To)
hold. In this proof we will denote by (K, A) Eendo Bolco, refolv,] that all
these conditions hold.

If we have (]K, A) Fendo ®Bolco,refolvy], it is easy to see that we have
(K, A) Feendo B[co, refo] and (K, A) Fendo &[(co, 1), f(refo)]. Hence (10.2)
is fulfilled. So we assume that (K, A) Eendo Bolco, refolv,] holds. We want
to apply Thm. 10.8 to the set D := {d € Cut U{T}|d < coAd £ ¢}, so we
have to show that property @ of Cor. 10.8 holds for c. This is done similar
to thfe\_f/irst case. Let ref. be a partial valuation for ¢ which extends ref.
Let ref. be an extension of ref. to area(c). Note that in the graph &’, the
appropriate cut (¢, 1) contains two kinds of vertices: ‘Old’ vertices (v, 1)
whose counterparts v in & are scribed on the area of ¢, and ‘new’ vertices
(v,2) whose counterparts v in & are scribed on the area of ¢g. For both

kinds of vertices we adopt the valuation of 7;75, i.e., for (v,1) € area((c, 1)),

—_~—

we set f(refe)((v,1)) := 7"?]76(1)). Then f(ref.) is an extension of f(ref.)
to area((c, 1)).

As we have (]K, A) Eendo ®olco, refolvy], it is easy to see that the copy of
the subgraph & which is iterated into ¢ and the supplementary identity

links which are inserted into ¢ evaluate under f(ref;) to true. So we have
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only to check the edges, vertices and cuts which appear in ¢ as well as in
(¢,1). This yields

—~

(B, ) Eendo Ble,refs] <= (K, N) Eendo 8'[(c,1), f(ref.)]

Similar to the argumentation after (10.1) in the first case, this equivalence
yields that property @ of Cor. 10.8 holds for c¢. Hence Cor. 10.8 can be
applied. This yields that for every cut d € area(cy) we have

(K, >‘) ':endo 6[‘1’ refo] <~ (Ka )‘) ':endo (’5/[(‘1’ 1)7 f(?"efo)]

Furthermore we have the same vertex- and edge-conditions in ¢ and (¢, 1).
Hence this equivalence yields that (10.2) holds. Again we need an argu-
mentation like in the first case to conclude from (10.2) that property P of
Cor. 10.10 holds for c¢y.

Now we can apply Cor. 10.10 to &, ¢g and &y, (co,1). This yields
(K, )‘) ':endo 6 (K, )‘) ':endo &' )

which shows the soundness of both the iteration- and deiteration-rule. O.

Like in the part Alpha, we conclude from the preceding lemmata the sound-
ness of the calculus:

Theorem 10.14 (Soundness of the Beta-Calculus).
A set of concept graphs $ and a concept graph & with cuts over A satisfy

AFEE = HEGSG

Proof: This theorem follows immediately from Lem. 10.11, Lem. 10.12 and
Lem. 10.13. m]



11 Syntactical Equivalence to FOL

In Chap. 9 we provided two translations @ : CG — FOL and ¥ : FOL — CG
between concept graphs and first order logic. Both systems are equipped with
a semantical entailment relation = and a derivability relation k. In Chap. 9
we have already shown that @ respects the entailment relation = (see Thm.
9.10). In this chapter we will focus on the derivability relations F.

In the first section we will show the following: If we have a formula f, translate
it to a concept graph ¥(f), and translate this concept graph back to a formula
fli=o@(f)), then f’ and f are provably equivalent (but usually, f and f’
are not identical).

It has to be expected that the same holds in the opposite direction for concept
graphs, i.e., that we have & - ¥ (&(®)) and ¥ (P(&)) - &. This will be proven
in the next section.

In the last section we will show that ¥ respects the derivability relation F,
i.e.,, we have f1 b fo = ¥(f1) b ¥(f2). The opposite direction for concept
graphs, i.e. 81 F &y = &(&1) F &(B3), holds too. But it will turn out
in Lem. 12.1 that this is an immediate consequence from the fact that both
calculi (on FOL and on CG) are sound and on the fact that ¢ respects the
semantical entailment relation = . For this reason we do not have to show
explicitly in this chapter that @ respects I-.

11.1 Equivalence of f and &(¥(f)) for Formulas f

Please remember that for each concept graph @, its translation (®) to FOL
is not uniquely defined, but only given up to the relation = (see Definition
of @ and Def. 9.5). Hence, if f is a formula, $(¥(f)) can only be given up to
& (in particular it is not possible to prove that @ o ¥ is the identity-mapping
on FOL). There may be even more differences between f and &(¥(f)) which
are not captured by the relation 2, i.e., we will usually have f 2% ®(¥(f))
for formulas f. Nevertheless, we expect that the formulas f and @(¥(f)) will
not be substantially different. In particular we expect f and &(¥(f)) to be

provably equivalent. This will be worked out in this section.
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126 11 Syntactical Equivalence to FOL
To give an impression how f and @(¥(f)) may differ, we provide a small

number of examples. As @ is also defined for formulas with free variables, in
these examples we have taken into account free variables.

Ezample 11.1. Let f1 := (y.xR1y) A (y.Fy.2zRay). We have

v(fi) - ] [T |

hence @(¥(f1)) is the formula

Fy.Fz.(T () AT(2) AT(y) AT(2) AzRiy A zR22)

Ezample 11.2. Let fo := Jx.(R(x) A —P(x)) with R € Ry and C € C. Then

we have
#(f) = (H1{o+]):

hence @(¥(f2)) is the formula

3z.(T(x) A R(z) A —=Fy.(z =y A C(y))

Ezample 11.3. Let f5 := =(C(x) A R(z) A =S(x,x)). Then we have

w0 - ([ Tt (o [Ta)

hence @(¥(f3)) is the formula
—(C() ANT(z) ANR(x) A—=(T(x) AS(z,x2) AT(x)))

Ezample 11.4. Let f4 == 3x.-(C(x) AR(x) A=S(x,x)). Note that fy is the
existential closure of the formula f3 in Example 3. Now we have

9

o) - =

hence ®(¥(f,)) is the formula

Jz.(T(x) A—=Fy.(C(y) Nz =y A R(x) A —S(z,x))))
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The formula C'(z) A R(z) A =S(x,x) is a subformula of f3 as well as of fj.
We want to point out that in Example 3, this subformula is converted to
the subformula T(z) A S(z,z) A T(x) of $(¥(f3)), but in Example 4, this
subformula in converted to the subformula Jy.(C(y) Az = yAR(x) A=S(z, x))

of S(&(fa))-

When transforming a formula f to the formula &(¥(f)), the following mod-
ifications may happen (the first three modifications are already mentioned
after the definition of @ and captured by the equivalence relation £):

— the order of existential quantifiers may change,

— the order of subformulas of a conjunction may change,

— bound variables may be renamed,

— atomic subformulas T (a) may be added for variables «,
— superfluous quantifiers may be erased (see Example 1),
— quantifiers may move (see Example 1), and

— a variable may be substituted by a number of other variables, which are
equated in the formula (see Example 2).

These modifications are captured by the following relation ~, which is obvi-
ously a generalization of the relation 2 (see Def. 9.5).

Definition 11.5 (Second Equivalence Relation for Formulas).

Let ~ be the smallest equivalence relation on FOL such that the following
conditions hold:

1. If f1, fa, f3 are formulas, then we have fiAfa =~ faAf1 and (fiAfa)A\fz ~
fin(fanfs) -

2. If f1,fo are formulas with fi ~ fo and if «a,0 are variables, then
Ja.38.f1 =~ 3B.3a. fo .

3. If f and f" are equal up to renaming bound variables, then f ~ f' .

4. If f is a formula and if t is a term, then (f ANT(t)) ~ f .

5. Let f be a formula, let o, 0, ...,y be variables with oo € Free(f) and
at,...,an & Var(f), and let ' be a formula that we gain from f if we
replace each free occurence of a by one of the variables a,aq, ..., ay.
Then Jday....dap.a=a1 A...ANa=a, A [~ f. In particular we have
the following equivalence:* f ~ 3B.(a = B A f[B/a]) for B & Var(f).

6. If f is a formula and if B ¢ Free(f) is a variable, then 3p.f ~ f .

7. If f,g are formulas and if « ¢ Free(g) is a variable, then Ja.(g A f) ~
(g A 3Ja.f) .

! Compare this rule with Cor. 3 in Chap. 3.5. of [57].
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8. If f1, f2,91,92 are formulas with f1 ~ fo and g1 ~ go, then —f1 ~ —fs,
finNgt = faAge and Ja.fi ~ Ja.fs .

The following lemma is well known and the proof is therefore omitted here.

Lemma 11.6.

Let f, g be two formulas with f ~ g. Then we have = f < g. In particular we
have fFg and g+ f.

Without proof.

The relation ~ captures exactly the modifications which may happen when a
formula f is transformed to @(¥(f)). This is subject of the following lemma
and theorem. In the lemma, we prove it for variable-purified formulas (see
Def. 8.4), but as each formula can be transformed into a variable-purified
formula, the lemma can immediately be generalized to arbitrary formulas.
This will be done in the preceeding theorem.

Lemma 11.7 (f ~ &(¥(f)) for Variable-Purified Formulas).
Each variable-purified formula f € FOL satisfies f ~ &(¥(f)).

Proof: Remember that we defined @(®, ¢) inductively for each concept graph
& .= (V,E,v, T,Cut,area, k, p) and each context ¢ € Cut U {T}. We show
the following property for each formula f € FOL which is variable-purified:

g2 DP(U(f),Pneqg(g)) for each g € Negy U {T} (11.1)

Please note that g may contain free variables. The proof for (11.1) is now
done by induction over the structure of formulas.

— If f = C(t) for a term ¢t and a concept name C' € C, we have $(¥(f)) = f
and Negy U{Ts} = {f}, hence (11.1) holds.

— Let t1,t2 be two terms and f = t; =t3. Then we have
@(W(tlztg)) = T(tl) 74\ T(tg) Nt1=ty ~ f

and Negy U{Ts} = {f}, hence (11.1) holds.

— Let ¢1,...,t, be n terms, let R € R,, be a relation name and let f =
R(t1,...,tn). Then we have

BT(r(tr,... 1)) = TE)A. . ATE) At tn) = f

and Negy U{Ts} = {f}, hence (11.1) holds.
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— Let f1, fo be two formulas and f = f1 A fs.

Let W(fz) =6, = (‘/;,Ei,l/i, Ti,Cuti,areai,m,pi), i = 1,2. In the defini-
tion of #(B; B,), we assign variables to the generic boxes of 1 2. We do
the same in the definition of ¢(®;) and @(B3). It is sufficient to consider
the case that we have chosen for each generic concept box v € &;, i =1, 2,
the same variable in the definition of #(®;) and ¢(&; &,).

Now let ci,..., c}C be the cuts in &; with ctx(c!)) = T,;. Furthermore, let
vh L. ’Uzii be the nodes in V; with ctz(vi) = T;. Then for each v}, we have
a variable of, ¢ Free(¥(f;)), for each cut ¢!, w have a formula h?,, and we
have two formulas g and ¢2, such that

S (f:)) = 3o ... 3a), (¢" A=hi A...A=h)
Note that ¥(fi1 A f2) is the juxtaposition of ¥(f1) and ¥(f2). The cuts

¢t € Cut; with area(c!) = T; correspond one-to-one to the cuts (c,i)

in U(f1 A f2) with area((c,7)) = T. In particular (11.1) holds for each
formula g € Negs U{T ¢} with g # f. So it remains to show that f satisfies
fFPW(f), Uneg(f)). We have
DWW (fi A fo) = Faf...30p,3ai... 3o,
(9" Ng> A=hi A...A=Rhl A=hiA...A=h})
The definition of @ yields that o, ..., a;, & Free(g> A—hiA...A=h} ) and
analogously of,...,aj, ¢ Free(g' A=h} A...A=h} ). Thus the definition
of ~ yields
DT (fi A f2)) = 3oq...3ay,.3ai... 30,
(9" ANg> A=hiA...A=hl A=hA... A=K}
~ Joq...3ap, (" A=hi AL AR A
Jai...30q,(g> A-hIA .. AR}
= 2((f1)) N P(P(f2))

I.H.
~ filfa

— f = =f’ for a formula f’.
This case can be done analogously to the last case.

— f = Fa.f’ for a formula f’ and a variable a. If o ¢ Free(f), we have
U (Ja.f) =¥(f), hence

S(F(Fa.f)) = BW(f) ¥ "L Fa.f

So let « € Free(f). We set ¥(f) :== & := (V,E,v, T,Cut,area, k, p) and
U(3a.f) = & = (VI E' VT Cut',ared’ ,x', p'). The definition of ¥
yields that we have a new vertex v ¢ V’/ such that
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V=WV'U{oh\{we V' (w)=+a A (Be€E.JieN.V/ ()|, = w)}

We first prove that (11.1) holds for each g € Negy U{Ts}, g # f by
induction on the order on NegsU{T s}. Solet g € Negs be a subformula of
f’ such that (11.1) holds for all h € NegsU{T ;} with h < g. The induction
hypothesis of the outer induction for f’ yields g := (¥ (f’), Uneg(9)) ~ g.
We set c¢g := Uneg(g). The definition of @ yields variables a1, ...a; and
formulas ¢’, g1,...,9x with g = oy ... Jag.(¢' A g1 Ao A—gr).

When we build ¥ (3a. f'), the existential step in the definition of ¥ is ap-
plied. We have to consider how this step modifies the graph ¥(f). We do
an induction on Negy U {T ¢}, and we know that (Negy U{T},<) and
(CutU{T}, <) are isomorphic. So we have to check how area(cy) is modi-
fied by the existential step. More precisely: We have to look at the vertices
v € V' with p/(v') = %4 and ctz(v') = ¢4. It is sufficient to assume that we
have only one vertex like this (if we have more vertices, we enumerate them
and do the proof by induction). So let v" be the vertex with p'(v') = *,
and ctx(v') = ¢4. There are two possibilities for v’: Either v’ is isolated,
and we have k/(v') = C for a concept name C' € C, or v’ is incident with
an edge and we have x'(v') = T. We distinguish these two cases.

We start with the first case, so let v'= be a vertex with ctz(v') = ¢q.

During the existential step, v’ is replaced by a vertex , which is linked
with an identity link to the new vertex v. When building inductively (&, c)
for the contexts ¢ € Cut U{T}, we assign to v’ a new variable 8. So we see
that we have

@(W(f)a wNeg(g))
= Jag.... 3. 3B (a=BAGB/a] AN=g1[B/a] A ... A=giB]a))

dog ... g (¢ A1 A Agr)

= BU(f),¥neg(9))

1.H. for f’
= g

Hence the proof of the first case is completed.

Now we consider the second case, that is v’ : and v’ is incident
with some edge. Then, during the existential step, v’ is replaced by the new
vertex v and erased afterwards. In S(U(f'), ¥neg(g)), the vertex v’ caused
an atomic subformula T (c) which does not occur in $(¥(f), ¥neg(g)). To
put it more formally: We have a formula ¢” with ¢ = T(a) A ¢” and
DU (f),¥Nneg(g)) = Far ... Jag.(¢' A—=g1 A ... A—g). Especially we have

BU(f), Uvea(9)) "™ BW('), Uneglg)) 2T

and the proof for the second case is completed, too.

g >
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For f = 3a.f’, we have shown that (11.1) holds for all g € Neg; U{T ¢}
with g # f. It remains to prove that (11.1) holds for g = f.

The new vertex v causes a new atomic subformula T(«) of f. In other
respects the proof of (11.1) for g = f can be performed like the proof for
g < f. As we have (h A T(«a)) ~ h for arbitrary formulas h, we conclude
that f ~ &(P(f),¥neq(f)) holds too.

For g = f, we have S(U(f),¥neq(f)) = P(P(f), T) = @(¥(f)). Thus (11.1)
yields the lemma. g

The next theorem is an immediate consequence of the previous lemma.

Theorem 11.8 (f <« ®(¥(f)) for Formulas).

For each formula f € FOL we have & f «— ®(¥(f)). In particular we have
fEOW(f)) and 2(¥(f)) - f.

Proof: Let f € FOL be a formula. By renaming the bound variables in f, we
transform f into a formula f’ which is variable-purified. It is easy to see that
we have U(f) =¥ (f'). We conclude

Lem.11.7
Fer 2 (f") = 2(&(f)) and
Lem.11.7
2P (f)) = 2¥(f A
This yields the theorem. O

11.2 Equivalence of & and ¥(®(®)) for Graphs &

This section is the counterpart of Sect. 11.1 for concept graphs. We will show
that each concept graph & is provably equivalent to ¥(®(®)) (i.e., we have
&+ U(P(B)) and ¥(P(B)) F &). Again we provide an example before we
start the formal proof. In this example, the idea of the proof is carried out.
For understanding the proof, this example should be helpful.

Let & be the following graph:

We want to emphasize that in this example, we tried to take various features
of concept graphs into account which have to be captured by the proof,
namely
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— generic and non generic concept boxes which are incident with relations,
— different nestings of negations,
— an empty cut, and

— vertices which are multi-fold incident with the same edge.

The translation of & to FOL is:

D(6) = 3z.Pi(z) A Ps(g) Nx =g A Si(x,x) A S2(9,9)
A=(3y-Pa(y) A Ri(x,y) A =(Ra(g,y) A =32.T(2)))

Thus & := U(P(8))
is the graph on the
right:

We want to show that we can derive & from &', and vice versa. This is done
as follows:

In &', in the former
empty cut, the two
vertices are merged:

Using T-erasure, the
remaining vertex in
the former empty cut
is deleted (this graph
will be called ?) in
the proof):

Now we insert a new
identity link between

and each ver-
tex (this graph
will be called &®) in
the proof):
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All vertices are

merged into :

Now we merge the

vertices into the
vertices resp.
(this graph will
be called &® in the
proof):

This is & again. Note that all steps during the proof can be executed in both
directions, hence we have &' - & and & - &’.

We have just exemplified the procedure to derive ¥(®(®)) from & and vice
versa. The idea of this procedure will will be worked out in the following
theorem.

Theorem 11.9 (& and ¥($(®)) are Equivalent).

For each concept graph &, we have

GFU(DH®) and T(H(B))F

Proof: We define & := (V,E,v, T,Cut,area, k,p), h := ®(&) and & :=
U(h):= (V,E' WV, T Cut' ared k', p'). If & is the empty graph, we have

& = U(H(®)) = U(Iz. T (z)) := (HT -

By using the T-insertion rule and the iteration rule, this graph can be derived
from the empty sheet of assertion. So we have & + &’. This derivation can
be performed in both directions, hence we have &' - & too. So the theorem
holds for the empty graph, and, for the rest of the proof, we can assume that
® is not the empty graph.

First we note that the atomic subformulas? of h are as follows:

— For each v € V, ¢(v) := k(v)(P+(v)) is an atomic subformula of h,

— for each e € E with e = (v1,...,v,), ¢(e) := k(e)(Ps(v1),...,P:(vy)) is an
atomic subformula of A,

2 A subformula may occur several times in G, hence we should more precisely speak
of occurences of subformulas. We avoided this term to improve the readability of
the proof, but have in mind that in fact we refer to occurences of subformulas
instead of subformulas.
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— for each context ¢ € Cut U{T} with area(c) =0, ¢(c) := T (empty) is an
atomic subformula of h.

All these atomic subformulas are generated by vertices and edges of &. When
we translate h back to a concept graph (i.e., when we build ¥ (h) = ¥ ($(8))),
these subformulas generate in turn vertices and edges of &’. But we want to
stress that each application of the existential step in the definition of ¥ erases

vertices which are generated by atomic subformulas ¢(e),e € E, and
adds a new vertex as well as a new identity link.

We start with some simple observations. It is easy to that for k € VU E and
each context ¢ € Cut U{T}, we have

k < c <= ¢(k) is a subformula of &(&,c). (11.2)

Analogously we have for contexts ¢1,cq € Cut U{T}

c1 < ¢g <= P(B, ;) is a subformula of (B, cq). (11.3)

To each cut ¢ € Cut belongs a subformula —®(®, ¢) of h. The negation sign
at the beginning of this subformula is translated back into a cut ¢’ € Cut’.
Hence we can set fout(c) := ¢. This defines a mapping fout : Cut — Cut'.
It is easy to see that foq: is bijective.

For each edge e € E, the subformula ¢(e) is translated back into an edge

2 ... n1
e = ‘T : Wterm(tl) ! H(e) T LZ/te'rm(tn)‘

We set fr(e) := €. It is easy to see that fg : E — E’ is injective. But fg
is not surjective. We have two kinds of further identity links in &’ which are
not in the range of fg: First we have identity links which are generated when
the existential step is applied to a subformula ¢(c) = T(Qempty) Where c is
an empty cut of &. Second we have identity links which are generated when
the existential step is applied to a variable & # Qempry (i-€., a variable which
is generated by a concept box in &). We have to transform &’ in order
to delete this additional identity links.

Let us start with the identity links of the first kind, i.e., e start our derivation
of ' & with an investigation of the empty cuts ¢ € Cut. Each empty cut
c generates a subformula =3cempty-Cempty = Cempty Of h. These subformulas

are translated back into subgraphs &/, := C S ) .

We now derive from &’ a new graph &) as follows: In each of the subgraphs
., we first merge on of the generic nodes into the other one (so we get
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), and the remaining node is erased with the T-erasure-rule. After

we have done this for all empty cuts ¢ € Cut, we have derived from &’ the new
graph ). The mappings fou: : Cut U{T} — Cut’U{T’'} and fg: E — E'
can canonically be converted to mappings fous : CutU{T} — Cutu{T@)}
and fgp: E — E®,

As we have erased all identity links which are generated by subformulas ¢,
where ¢ € Cut is an empty cut, we now have that fcu(c) is empty. The two
rules we have applied to derive &) (merging two vertices and T-erasure)
can be reversed, thus we have & - ®) and & - &'.

As we erased all identity links of the first kind, i.e., identity links which are
generated by empty cuts in &, we will still have to erase identity links of
the second kind, i.e., identity links which are generated when the existential
step is applied to a variable a # aempty. This will be a part of the remaining
proof.

Now we consider the vertices and edges in &’ which are generated by vertices
v € V. Each v generates a subformula ¢(v) = x(v)(P¢(v)) of h. In particular
we have an occurrence @;(v) in the subformula ¢(v) of h. We denote this
occurrence by occ(v). Furthermore, each edge e € E and each i € Nwith e|; =
v generates a subformula ¢(e) := x(e)(...,P+(v),...), hence it generates an
occurrence of @;(v) in h. The set of all these occurrences of @;(v) is denoted
by Occ(v).

To make this definition more transparent, we have a look at the example
at the beginning of this section. Let v be the vertex m . We have set

Py (v) := z. In ¢(B), the first underlined variable z is the occurrence oce(v).
The remaining variables = are the occurrences in Occ(v).

B(®) = Jx.Pi(z) APs(g) Az =gASi(z,z)ASa(g,9)
A=(Jy-Pa(y) A Ri(z,y) A ~(Ra(g,y) A =32.T(2))

Now we distinguish between generic concept boxes v € V' (i.e., p(v) = %) and
non-generic concept boxes v € V (i.e., p(v) € G).

— We start with the first case, so let v € V be a generic concept box.
Let ctx(v) = c¢. The occurrence occ(v) is an occurrence in a subformula
k(v)(oce(v)) of &(&,c). This subformula is atomic and therefore — at the
beginning of the iterative construction of ¥(h) — translated to the isolated

concept box | k(v) : @1(v)| . Furthermore, each edge e € F with e|; = v

generates an occurrence j € Occ(v) which is an occurrence in a subfor-
mula ¢(e) = k(e)(...,7,...). These occurrences are translated to concept

boxes | T : @,(v) | . Note that $(&, ¢) starts with some existential quantifi-
cations, namely a quantification 3@;(v). So, when building ¥ (P(®, ¢)), the
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existential step is applied: A new concept box v’ = is inserted into
area(c), each concept box | k(v) : §¢(v) | is substituted by v’, and the box
k(v) : @(v) | is replaced by | k(v) : * |and linked with an identity link to v’.

Thus, after this step, we have two concept boxes| k(v) : x |and| T : % | which

are placed in area(v) and linked with an identity link. During the further
iterative construction of ¥(h), these nodes are not changed anymore. Dur-
ing the derivation of & from &', these nodes were not changed, neither.
So we can define mappings fy(v) : V* — V3 and fy(v): V¥ — B(VA)
which map to these two concept boxes as follows:?

fr():=|k():*| and fy(v):={ }

Furthermore we have

eli =vin 8 < k(e)(...,P(v),...) is a subformula of h
= fe(e)li € fv(v) (11.4)

This condition will be used later in the proof.

— Now let v € V be a concept box with p(v) € G, i.e., v =|k(v) : p(v) |. The

box v is translated to a subformula x(v)(p(v)) of h. The object name p(v)
in this subformula is the occurrence occ(v). The subformula is translated

back to a concept box v’ zm in . We set fy(v) ="

Again each occurrence j € Occ(v) is an occurrence in a subformula ¢(e) =
k(e)(...,J,...) of @(&,c). All these occurrences are translated to concept
boxes . Let fi/(v) be the set of all these concept boxes. A similar
argumentation like in the first case yields that the range of these mappings
is a subset of V(? ie., we have fy(v) : VI — V) and fy(v) : VI —
PVE).

Again we have
eli=vin & < k(e)(...,p(v),...) is a subformula of h
— fele)i € fv(v) (11.5)

Both cases together yield mappings fi(v) : V. — V® and fy(v) : V —
PB(V ). We have furthermore

v = (@)} O fr() (11.6)

Now, for each v € V9, the following is done in &(?): For each v’ € fv(v), an
identity link is inserted between fy (v) and v’. We get a new graph &) which

3 Tt will become clear in the case p(v) € G why we define fv (v) as a set.
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is provably equivalent to &), The mappings fy : V — V®, fp: E — E®?
and four @ Cut U{T} — Cut® U {T®} can canonically be transformed
to mappings fy : V — VO fp: E — E® and fou : Cut U{T} —
Cut® U {TG)}.

In @), we have for each v € V and each v € fy (v) an identity link between
fv(v) and v'. Now, for each v € V and each v’ € fy(v), we merge v’ into
fv(v). So we derive a new graph &) which is provably equivalent to &),
Again the mappings fy : V — VO, fp: E — E® and fou : Cut U{T} —
Cut® U {T(3)} can canonically be transformed to mappings fy : V — V#),
fe: B — EW and fou : Cut U{T} — Cut™® U {T@W}. We have erased
all vertices v’ € (J,cy fv(v), thus the mapping fi : V — V@ is bijective.
As we have for each v € V erased all identity links between between fy (v)
and each v’ € fy (v), the mapping fr : E — E® is bijective. The conditions
(11.4) and (11.5) yield that we have

eli =v = fr(e)|; = fv(v) for each v € V.

It is easy to see that p(v) = p®*(fy (v)) and k(v) = k® (fy(v)) hold for all
v eV, and k(e) = k¥ (fg(e)) holds for all e € E. Finally, we conclude from
(11.2) and (11.3) that we have

flarea(c)] = area™ (f(c)) for each ¢ € Cut U{T}.

Hence f := fy U fg U fcoue is an isomorphism from & to &*). Furthermore
we have &) - ¥($(8)) and ¥(H(®)) F &4, so the proof is finished. ad

11.3 ¥ Respects

In this section we want to show that ¥ respects the derivability relation F,
i.e., we want to show that we have f; b fo = ¥(f1) F ¥(f2) for formulas
f1, f2. The relations  for formulas resp. for concept graphs are based on
the appropriate calculi, so the idea of the proof is to show that ¥ respects
every rule of the calculus for FOL. We want to point out that the calculus
for FOL is based on formulas with free variables, in contrast to the calculus
on CG which is based on concept graphs without variables. For this reason
we have to translate formulas with free variables to concept graphs without
variables. This can be done in two canonically given ways and is captured by
the following definition.

Definition 11.10 (Existential and Universal Closures of Formulas).

Let f be a formula with Free(f) = aa,...,an. Then f3 := Jaq...Jay,f is
called existential closure of f and fv := —Jay...Jay,—f is called universal
closure of f. Now we set
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FOL — C@G

D {FOLH caq
3 few(fy)

f i 0(f3) and Uy = {

For each formula, ¥3(f) and Wy (f) are concept graphs without variables.
The definition of the relation = in FOL yields that a formula f is valid in a
relational structure if and only if fy is valid in that structure. For this reason
we have to focus on the universal closure of f and hence on the mapping ¥y .

If w(f) is the translation of f into a concept graph, then (informally spoken)
Wy (f) is build from ¥(f) as follows:

1. First a new cut is drawn around ¥(f).
2. For each free variable a; a new concept box v; :: is drawn on the
sheet of assertion. Each concept box which is incident with an

edge is substituted by v;. From each isolated concept box , an
identity link is drawn to v; and, in , the indexed generic marker

*o 18 replaced by .

3. Finally, a new cut is drawn around the whole graph (in particular around
the new vertices v;).

The mappings ¥s and ¥, shall therefore be (informally) sketched as follows:*

U5(f) = f and  Wy(f):=

Now we are prepared to prove that ¥ respects .

Lemma 11.11 (¥ Respects Syntactical Entailment).

Let f1,...,fn F g, n € Ny be a rule of the calculus for FOL. Then we have
Uy (f1), .., W(fn) F Wy(g) in the calculus for concept graphs.

Proof: We have to show the lemma for each rule.

Modus Ponens: f,f —g F ¢

Let f, g be two formulas. Without loss of generality let Free(f) = {z1,...zmn},
and Free(g) = {z;,...zn}.

4 Of course f shall stand for the subgraph which is generated by f. But this gen-
erated subgraph is not ¥(f), but the subgraph we get after the existential steps
are applied to ¥(f). For this reason we write f instead ¥(f) in this diagrams,
although f shall denote a subgraph of the written graph.



The graph we start
with is the juxtapo-
sition of the graphs
Py (f), Yo (f — 9):

The double cut rule
yields:

We split each vertex

which has an

index from 1 to 7 —1:
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All new identity links
are erased:

Using T-erasure, all

vertices with

an index between 1
and 7 — 1 are now
erased:

Deiteration yields:

Now erasure yields:
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This is ¥y(g), hence we have Wy (f), Oy(f — g) F Ty(g).

-
T

s A
Te= —
T — \
\ Tx nr r\

=
kHl ) g

-
-

s A
e
|
T — \
T . %

=
kHl ) g
s A s
] | — T -
i—l : m
kHl /—‘J kT* n
s p )
m : 8
gT:* P ~)




PL:F f—(9—f)

11.3 ¥ Respects - 141

Let f, g be two formulas. Without loss of generality let Free(f) := {z1,...2m}
and Free(g) := {x;,...zn}.

From the sheet of as-
sertion, we can de-
rive with double cut
and insertion:

Iteration of the sub-
graph which is gener-
ated by f yields:

We merge the ver-

tices in the in-

ner cut:

A shorter representa-
tion for this is:

Double cut yields:

1 ng

-
5 S
T —O

s

This is % ((f — (g — f))).

P2: - (~f = —g) = (9= /)
The scheme for the proof of P2 is the same like in the proof for P1. Again let
f, g be two formulas with Free(f) := {1, ...z} and Free(g) := {z;,... 2 }.



142 11 Syntactical Equivalence to FOL

From the sheet of as-
sertion, we can de-
rive with double cut
and insertion:

We iterate the inser-
ted subgraph:

Now identity-erasure
yields:

A shorter representa-
tion for this is:

Double cut yields:

)
o5

@
7o
\ n
)

This is Wy ((=f ——g) — (9—f)).

P3: - (f=(9—h) = ((f—9) = (f—h)

We have to show - W((f — (9 — h)) — (f — g9) — (f — h))). The
scheme for the proof of P3 is the same like of the proofs for P1 and P2.
From the empty sheet of assertion, we apply the rules double cut, insertion,
iteration, identity-erasure to get the desired graph. To simplify matters we
assume that f, g and h have no free variables (in case of free variables, an
additional application of the identity-erasure-rule is needed). The proof is

now done as follows:
On the empty sheet
of assertion we draw
a double cut and in-

sert f, (@) and ()

into the outer cut:

- JL)o
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We iterate (@) into N
the inner cut: ( 1 ( )
¢ ;
L J L J
L _J
Now a twofold itera- N
tion of f and a itera- f 1 f 1 .
- aas |72 @) @] ()
tion of () yields: L )L ) |

Now a threefold ap-
plication of the dou-

ble cut rule yields: ; [g ] [f ] [f ]

.

This is % ((f — (9 — h)) = ((f = 9) = (f — h))).

The rules MP, P1, P2 and P3 form a complete set of rules for propositional
logic, hence they are in FOL sufficient to derive all tautologous formulas f.
Hence we now have %y(f) for all tautologous formulas f. This will be used
in the rest of the proof.

Ex1:+ f— Jda.f
Let « be the variable x,,. We have to show - ¥y (f — Jx,,.f). To do this, we
distinguish two cases.

First, let 2, ¢ Free(f). Then we have Wy (f — Jz,.f) = W(f — f). As
f — [ is tautologous, we can derive ¥y (f — f), i.e., we can derive the graph

Uy (f — Jxn.f).
Now let x,, € Free(f). Then Wy(f — Jx,.f) is derived as follows:
As f — f is tautolo-
gous, we can derive
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The vertex n is

splitted:

Now the new identity
link is erased:

This is Yy (f — Jzp. f).

Ex2: F f — Ja;.flar/aq], if an € Free(f)

Let f be an formula. We want to show F Wy (f — Jo.flaa/az)), if a1 ¢
Free(f).

First we consider the case as ¢ Free(f). Then we have f — Jag. flas/aq] =
f — Ja;.f, and furthermore we have Wy (f — Ja1.f) =W(f — f). As f — f
is tautologous, we conclude - Wy (f — f), thus - ¥y (f — Jag.flae/a1]).

Now let g € Free(f). It is easy to see that ¥(Jas.f) = ¥(3aq.flaz/a1])
holds, thus we have Wy(f — Jay.flaz/a1]) = Py(f — Jag.f). So this case
can be reduced to the proof of Ex1.

Ex3: - fla/c] — Ja.f force G
We have to show Wy(f[c/a] — Ja.f). Again we distinguish two cases.
First, let a ¢ Free(f). Then we have fla/c] = f and therefore

Wy (fle/e] = 3a.f) = Wo(f — Fa.f) = W(f — f)

Like in Ex1 or Ex2, we conclude F Wy (f[a/c] — Ja. f).

Now let o € Free(f). We will describe the general procedure how the graph
Uy(fla/c] — Ja.f) is derived. As this cannot be sketched as easy like in the
proofs for Ex1 or Ex2, we exemplify this procedure with the formula

h = Pz(x) A Py(y) A Pc(c) A Rxc(xv C) A _'(Qa:(x) A Qc(c) A Szc(xa C))

with Py, Py, Pe, Qz, Q. € C and Ry, Spc € R. We set a := z for this formula.
This sample-formula takes various features of formulas into account which
have to be captured by the proof, namely free variables (here: y) and arbi-
trary combinations of x, other variables and concept names as arguments in
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concept- and relation-names. In order to ease the understanding of the proof,
the concept names and relation names are labelled with the terms they are
used with.

We want to show @y (f[c/a] — Ja.f).

For our example h, we have:

‘Pxi*x‘ ‘T:*x‘
w(h) =
B [T

‘Px:c‘ ‘T:c ‘ ‘QXZC‘ ‘T:c ‘

Pic (50

\Py:*y\ \T:c \ ‘QL-ZC‘ \T:c \

e
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To give a proof for the graph ¥y (f[c/a] — Ja.f), we start with the formula
fle/a] — fle/al]. As this formula is a tautology, the graph Wy(f[c/a] —
fle/a]) can be derived.

For h this is the following graph (the marked area will be explained below):

\Qx:c\ \T:c \

g
Qeic] [Tic ]
T - T J/
- J/
- J/

The graph ¥(f[c/a]) generates two times a subgraph of Wy (f[c/a] — flc/a])
(as premise as well as conclusion of the implication). We denote the subgraph
which is the conclusion by &..

In our example, i.e., in the graph above, &, is marked subgraph.

In %y (f[c/a] — flc/a]) let Vi be the set of all vertices which are gen-
erated by ¥ when a subformula P[c/a] (with P € C) of flc/a] is translated.
Furthermore let V5 be the set of all vertices which are generated by ¥
when a subformula R(t1,...,t,)[c/a] (with R € Ry, and « € {t1,...,t,}) of
fle/a] is translated.

In our example, V; consists of the two vertices ‘Px : c‘ and ‘Qm : c‘ . The

vertices‘ P.:c|and ‘ Q.:c ‘ do not belong to V1, because in the corresponding

subformulas P.(c) and Q.(c) of f, the terms ¢ do not come into play by

substituting = with c¢. Furthermore, V5 consists of the two vertices in
the upper half of &..

Now we use the congruence-rule (Lem. 10.3) to replace every vertex

€ Vi by [T = P 4]
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For our example, this yields the following graph:

Into &, (hence into an even cut), a vertex vg := is inserted by T-

insertion.

For our example, we get:

Using identity-insertion, we insert an identity link between vy and each vertex

[Ticleviuva.
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For our example, this yields the following graph:

\Qx:c\ \T:c \

\Qc:c\ \T:c \

Using T-erasure, every vertex € Vi1 U Vs is deleted.

For our example, we get:

Finally we generalize the reference of vy to *, i.e., v9 becomes . This
yields @y (f[c/a] — Ja.f), and the proof for Ex3 is finished.

Ex4: f — g F Ja.f — g, if a ¢ Free(g)

Let « be the variable z,,, and without loss of generality let Free(f — g) :=
{z1,...zn}. Suppose we have - y(f — g) with =, ¢ Free(g). We have to
derive the graph ¥y (3z,.f — g). The graphs we have to consider are:
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Tk
Uy(f —g) = f and

LpV(Hxn-f_>9) =

(¢) k= v

Now z, ¢ Free(g) yields that we have no identity link between [T:«] and
any vertex of (Cg) . Hence, using double cut, both graphs are equivalent to:®

REd)

This yields that both graphs are equivalent, too, and to proof for Ex4 is
finished.

[T f= f

Id1 (reflexivity of identity): - «p = ag

Double cut and in-
sertion yield:

Iteration yields:

Now we merge the
vertices in the inner
cut into their coun-
terparts in the outer
cut:

5 In fact Vo,.(f — g) and 3z,.f — g are equivalent, too.
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The remaining ver-
tices are merged:

This is Py (g = ag).

Id2 (symmetry of identity): - ap = a1 — a1 = ap
In Lem. 10.5 we have already shown that identity links are symmetric, which
will be used here. In the proof, we label the relevant identity links.

Again, we start with
double cut and inser-
tion:

The iteration-rule is
applied. The identity
links are labelled as
it is sketched in the
graph.

Now we merge the
vertices in the inner
cut into their coun-
terparts in the outer
cut:

Now we apply Lem.
10.5:

Double cut yields:

This is va(()é() =] — Q1 = Oé()).
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Id3 (transitivity of identity): F ag = a1 — a1 = as — ag = a2

Similar to the proofs
of Idl and Id2, we
derive from the sheet
of assertion:

Now we merge the
vertices in the inner
cut into their coun-
terparts in the outer
cut:

Now one of the ver-
tices is splitted:

We add two double

cuts:

. J

This is Yy (ap = a1 — a1 = as — a9 = a3) (we have labelled the vertices so
that it is easier to realize which vertex belongs to which variable).

Congl: F ap=a; — Clay) — C(aq) for C € C
Let C € C. We have to derive ¥y (ag = a1 — C(ag) — C(1))

Double cut and in-

sertion yield: =)
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Iteration yields (note
that one of the two
vertices is linked to

its copy):

Now we merge the
vertex in the inner
cut into its counter-
part in the outer cut:

The remaining ver-
tex is splitted:

We add two double

cuts:

. J

This is Py (g = a1 — P(ap) — P(aq)).

Cong2: - ap = ap — ... = ap_1 = qop—1 — R(ag,...,0n-1) —
R(a'ru R a27z)

We perform this proof only for relation names with the arity 2. This proof
can be performed as well for higher (or lower) arities, but then the graphs we
need have a poor readability. So let R € Ro. We have to derive the concept
graph Wy (o = a2 — a1 = ag — R(ap, 1) — R(ag, a3)).

Double cut and in-
sertion yield:
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Iteration yields:

Now we merge the
vertices in the inner
cut into their coun-
terparts in the outer
cut:

Both remaining ver-
tices are splitted:

We add three double 3
: Tk
cuts: — (I
I

. J

This is g = a2 — a1 = a3 — R(ag,a1) — R(ag,as) (again we have
labelled the vertices, so that it is easier to realize which vertex belongs to
which variable).

Ax1: + T(w)

Double cut and in-

sertion yield: C]
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Iteration yields:

[ ]

This is ¥y (T (@)).

Ax2: + Ci(a) — Co(a) for C1,Cy € C with C7 <¢ Co
Let Cy,C5 € C with C; < Ca. We have to derive Cy(a) — Ca(a).

Double cut and in-

sertion yield: =)

Iteration yields (note
that one of the two
vertices is linked to
its copy):

In the inner vertex 2

, we generalize

the concept name:

We merge the vertex

in the inner cut

into its counterpart
in the outer cut:

Double cut yields: s

This is LZ/V(Cl (Oé) — CQ(O())
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Ax3:F Ry(a1,...,a,) = Ra(ai,...,a,) for Ry, Ry € Ry, with Ry <r Ra

For the same reasons as in Cong2, we perform this proof only for relation
names with the arity 2. So let Ry, Ry € Ro with R; < Ry. We have to derive
Ri(an, ) — Ra(aq, ).

Double cut and in-
sertion yield:

Iteration yields:

We generalize the re-
lation name of the in-
ner edge:

Now we merge both
vertices in the inner
cut into their coun-
terparts in the outer
cut:

Double cut yields: s ~

H
*

This is Yy (Ry (a1, a2) — Ra(o1, a2)). -

We have shown that each axiom and rule of the FOL-calculus is respected by
the mapping ¥ : FOL — CG. Thus the last lemma yields immediately that
¥ : FOL — CG respects the syntactical entailment relation -, i.e., we have
the following theorem.
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Theorem 11.12 (Main Syntactical Theorem for V).
Let f1, f2 be two FOL-formulas (possibly with free variables). Then we have

fiFfe = W(fi)FW%(fa)

In particular we have f1 &b fo = WU(f1) F ¥(f2) for formulas f1, fa without
free variables.

Proof: The proof is canonically done by induction over the length of the proof
for f1 F fo, using Lem. 11.11. a



12 Summary of Beta

We have reached the following situation: We have two logical systems CG
and FOL and two mappings @ and ¥ between them. Each system has a
derivability relation - and an entailment relation |= (which are indexed in
this chapter):

4

(FOL, Fror, Fron) — (CG,Fea, Fea)
@

We are now prepared to work out how these mappings and relations are
related to each other. This will be done in this chapter. We start with the
analysis of the inner structure of both logical systems. It is easy to see that
each of the relations Fro1,, EFOL: FCG, Ecg is a quasiorder (i.e. a reflexive
and transitive relation) on FOL resp. on CG. The calculus on FOL is sound
and complete, i.e., Fpor, and E=pQr,, although they are defined in a very
different way, are in fact the same relation. Of course, we expect that this
will be the same for CG, too. This will be proven in Thm. 12.2.

Furthermore we have said that ¢ and ¥ can be considered as translations
between FOL and CG. As they are translations, they are not simple map-
pings between the sets of FOL and CG. Furthermore they have to preserve
the meaning of the formulas resp. concept graphs. In other words: They have
to respect the semantical entailment relations =gy, and = q. Furthermore
we expect the following: If we translate a formula into a graph and if we then
translate this graph back into a new formula, the original formula and the
new formula should have the same meaning. The same should hold if we start
with a concept graph. To summarize: If we say that & and ¥ are translations
between the systems FOL and CG, they should be quasiorder-isomorphisms
between (FOL, =po1,) and (CG, =) which are, up to equivalence, mutu-
ally inverse. This will be shown in Thm. 12.3.
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158 12 Summary of Beta

12.1 Summary and Main Results

If we resume all main theorems of the last chapters, we have:

Let &, &1, B3 be concept graphs over A and let f, fi, fo be FOL-
formulas over A. Then the following conditions hold:

1) fEOW(f)) and W (f)) F f Thm. 11.8

2) SFYU(P(®B)) and ¥(P(&)) - & Thm. 11.9

3) fitfe = U(fHLH))FP(f) Thm. 11.12

4) G1FE6G, — 66, Thm. 10.14

5 fikfo = fiEf Thm. 8.9

6) G E® < &(B;)EP(G2) Thm. 9.10

The most extensive proof was the proof condition 3) (i.e., of Thm. 11.12)
which states that ¥ respects the syntactical entailment relation - on FOL.
But we have not shown the counterpart in the inverse direction, that is we
have not proven the following condition:

Let &1 and &5 be two concept graphs over A. Then we have
4’) & F &y — @(@1) - @(@2)

Instead of this condition we have proven condition 4) which states that the
calculus F on CG is sound. But we can replace condition 4) by condition 4’)
and vice versa, as the following lemma shows.

Lemma 12.1 (Conditions 4) and 4’) are Equivalent).
From 4), 5), 6) follows 4’) and from 4’°), 5), 6) follows 4).

Proof: First we assume that conditions 4), 5) and 6) are valid. We conclude

G F Gy =5 6 F 6y <L 0(6)) E B(Bs) < &) F D(Gy) |

hence 4’) holds. If we assume on the other hand that 4’), 5) and 6) are valid,
we conclude

BIF By L BB F B(By) <L B(B)) = B(6y) <L B =6, |

hence 4) holds. O

Condition 5) (i.e., Thm. 8.9) states that =gy, is sound and complete, that
is Fpo1, and =pQr, are in fact the same relation. Now we can prove that the
same holds for Foq and Ecq-
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Theorem 12.2 (Sound- and Completeness of the Beta-Calculus).
Let 1 and &4 be concept graphs over A. Then we have

G - By A 61':@)2

Proof: We only have to show direction ‘«=’. We have

81 = 6y -2 B(6)) = D(6,)
2 5(8,) F B(®,)
2 w(0(6))) - ¥(D(62))
2§ - 6, 0

Conditions 1)-3) and 4’) state the @ : FOL — CG and ¥ : FOL — CG are,
up to equivalence, mutually inverse isomorphisms between the quasiordered
sets (FOL,F) and (CG,|). Furthermore we have Fpor, = Epo1, and Fcg
= =@, hence we get immediately the following theorem:

Corollary 12.3 (Main Quasiorder Theorem for FOL and CG).

@ : FOL — CG and ¥ : FOL — CG are, up to equivalence, mutually in-
verse isomorphisms between the quasiordered sets (FOL,F) and (CG,F) and
between the quasiordered sets (FOL, =) and (CG, ).

Without proof.

The last two results can be regarded the main results of this treatise. Together
with the well-known Thm. 8.9, we get the full syntactical and semantical
equivalence between FOL and CG.

12.2 Independency Results

In the last section we have argued that the conditions 1)-6) yield the equiva-
lence between FOL and CG. In this section we want to explain why it is not
only sufficient, but also necessary to prove conditions 1)-6). To put it more
formally, we will show the following: None of the conditions 1)-6) can be de-
rived from the remaining five conditions by only using simple arguments, that
means arguments which only use the fact that all relations are quasiorders.

Theorem 12.4 (Independency Results for Conditions 1)—6)).

Consider CG and FOL as two sets, each of them equipped with two qua-
siorders = and . Further let & : CG — FOL and ¥ : FOL — CG be
two mappings. We understand conditions 1)-6) as conditions for these qua-
siorders and mappings (with &, &1, &2 € CG and f, fi, fo € FOL). Then
none of the conditions 1)-6) can be derived from the remaining five.
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Proof: For each of the conditions 1)-6), we have to give an example such
that the selected condition does not hold in this example, but the remaining
conditions do.

1)Let FOL* := {a,b} and CG™ := {c}. We set

- tFOL* ::IZIZFOL* ::{({(a)a}a)v(bab)v(aab)} FOL™ CG™
- FCGr = FeGr =l e ®
— ¥(a) := ¥(b) := cand P(c) := a \@
@
SE SE=

We can visualise this situation as above. The mappings ¥ : FOL* — CG*
and @ : CG* — FOL" are indicated by the arrows, and the diagrams for
the quasiorders are drawn as usual. It is easy to see that conditions 2)-6)
hold in this example. But we have b I/ a = &(¥(b)), hence condition 1) is
not valid. Therefore 1) cannot be derived from 2)-6).

2) This is the only example where we need on one side a quasiorder (see Lem.
12.5). Let FOL* := {a} and CG* := {b,c}. We set

- Fror- == Fror: = {(a,a)}

B FCG* = {(C, C)a (da d)} FOL"™ CG~™
n ': * = {(Ca C),(d, d)v(ca d)a(da C)}’
fw@?:c (),/Fis\ia 160}

- &(c) :=a,P(d) :==a == - =

We can visualise this situation as above. As Fog~ and =~ are different,
we have to give a diagram for each relation. In this example, we have
dt/ ¢ =W (P(d)), hence condition 2) is not valid. But it is easy to see that
all remaining conditions hold.

3)Let FOL* := {a,b} and CG* := {¢,d}. We set

- FroL+ = FroL- = {(a,a), (b)), (a,b)} FOL™ cG™

N FCG* = {(C, C)a(da d)}

BT R 1™ o |

- &(c) :_ a: b(d) ; b @ -— ©
E=F = =

In this example we have a F b, but ¥(a) = ct/ d = ¥(b). So condition 3) is
not valid, but all remaining conditions hold in this example.
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4)Let FOL* := {a,b} and CG* := {c,d}. We set

- ::FOL* ::{'(:FOLEd;) {((aadég)}v (b,0)} FOL™ cG™
- PG = C,C y @), \Cy
- Eear = {(c.0), (d,d)} T
- Y(a) := ¢, ¥(b) :=d @ ® © @
- P(c) :=a,P(d) :=b T
= - e

Here we have ¢ F d, but ¢ [~ d. So condition 4) is not valid, but all remaining
conditions hold in this example.

5)Let FOL* := {a,b} and CG™ := {c,d}. We set

_ L:FOL* ::{{((a 63)7((b b), (a,b)} FoLT - ce”

- FpoLs = {(a,a), (b,b

- ':CG* - {(C C) dvd)v( )} Q @ @‘/—Ca\\@ @
- Fog = {(e,0), (d,d)} @ T ©
~¥(a) == ¢, ¥(b) = d =

- P(c) :=a,P(d) :=b = F =
In this example we have a |= b and a I/ b. So the direction ‘<=’ of condition
5) is not fulfilled. But all remaining conditions hold in this example.

6)Let FOL* := {a,b} and CG™ := {c,d}. We set

- Frors == Fror- == {(a,a),(b,b)} FOL®™ CG”
(e, d)}

2 N T @
@ ® O @ I
©

o - =
In this example we have ¢ = d and &(c) = b |~ a = ¢(d). So the direction

‘=" of condition 6) is not fulfilled. But all remaining conditions hold in
this example. O

Note that condition 2) was the sole condition which required a quasiorder
in the above counterexamples. More specific: In the examples above, all re-

lations Fror, FroL*, Eca, Foq: are orders, except for =@+ in the
counterexample for condition 2). This is no accident, as the following lemma

shows.

Lemma 12.5 (Conditions 2) can be Derived for Orders).

If =oq- is an order, than we can derive condition 2) from conditions 1), 5)
and 6).

Proof: Let ® be a concept graph. For f := &(&) we conclude &(¥(f)) F f
and f + &(¥(f)) from condition 1). Hence condition 5) yields (¥ (f)) = f

and [ | S(])), Lo, PE(H(®))) £ B(®) and $(8) | H@(P(®))). Now
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we apply condition 6) to both entailment relations and get ¥(P(®)) E &
and & | ¥(PH(®)). The antisymmetry of g~ yields ¥(P(8)) = &, thus
condition 6) is fulfilled.

|
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Reasoning on concept graphs is carried out by the transformation rules of the
calculus. If we consider only concept graphs without cuts (which correspond
to the existential-conjunctive fragment of FOL), further possibilities — which
are based on ideas presented in Prediger’s PhD-thesis (see [44]) — for doing
reasoning are possible. These possibilities will be described in this chapter.

In [44], Prediger developped a mathematical theory for concept graphs with-
out cuts. As in Prediger’s graphs negation cannot be expressed, these graphs
correspond to the existential-conjunctive fragment of conceptual graphs or
of FOL. Prediger performed reasoning on these graphs in two different ways:
First of all, she introduced a sound and complete calculus (which consists of
fairly simple transformation rules). Secondly, she assigned to each graph a
corresponding standard model (and, vice versa, to each model a correspond-
ing standard graph). For graphs without generic markers, Prediger’s standard
models encode exactly the same information as the respective graphs. Thus,
for these graphs, the reasoning on graphs can be carried over (in a sense
which will be made clear in the next sections) to the models.

In this chapter, we bring together the ideas of Prediger and Dau for concept
graphs without cuts. First of all, we consider the restricted version of the
calculus of Chap. 10, where we have removed all rules where cuts are in-
volved. Secondly, we extend Prediger’s notions of standard graphs and stan-
dard models (the differences to Prediger’s approach will be discussed in the
next sections) such that even for graphs with generic markers, their stan-
dard models will encode exacty the same exactly the same information as
the respective graphs. On the models, we introduce a semantical entailment
relation = as well as transformation rules. The latter can be seen as a kind
of calculus which yields a relation - between models. It will turn out that the
relations |=, F for graphs and for models and the notions of standard models
and standard graphs fit perfectly together. That is, both calculi are adequate
and reasoning can be carried over from graphs to models and vice versa.

F. Dau: The Logic System of Concept Graphs with Negation, LNAI 2892, pp. 163-185, 2003.
© Springer-Verlag Berlin Heidelberg 2003
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164 13 Concept Graphs without Cuts

13.1 Concept Graphs without Cuts

In this chapter, we only consider concept graphs without cuts, i.e. graphs
& := (V,E,v, T,Cut,area, k, p) with Cut = () = area. For this reason, we
will write & := (V, E, v, k, p) instead (as we do not consider contexts, we have
removed the sheet of assertion T from the notation of simple concept graphs
as well). Although these graphs are similar to the simple concept graphs as
they are defined by Prediger in [44], there are some important syntactical
differences between these two kinds of graphs.

First of all, in [44] Prediger assigned sets of objects instead of single objects to
vertices (i. e. in [44] we have p: V — PB(G) U {*} instead of p : V' — G U {*}).
For concept graphs with cuts, it is not immediately clear what the meaning
of a vertex is which is enclosed by a cut and which contains more than one
object. For this reason, p assigns single objects to vertices. The expressiveness
of the graphs is not changed by this syntactical restriction.

Identity is in [44] expressed by an equivalence relation 6 only on the set of
generic vertices. In this treatise, identity is expressed by identity links on
the set of generic and non-generic vertices. Thus the concept graphs of this
chapter have a slightly higher expressiveness than the concept graphs of [44].
This has to be taken into account in the definition of standard models and
standard graphs, as well as in the calculus. To provide an example: Consider
an alphabet with C := {T,A, B} and G := {a,b}, where A, B are incom-

parable concept names. In our approach, (= HB: b] is a well-defined

graph! which expresses a proposition which cannot represented in Prediger’s
approach. This graph entails . Obviously, this entailment is
based on the unique meaning of identity (for this reason, we have rules in
our calculus which capture the role of the identity relation and which allow
to derive the second graph from the first one). A derivation like this cannot
be performed with projections? ([7]) or with the calculus presented in [38].

The calculus for concept graphs with cuts consists of the following rules:
erasure, insertion, iteration, deiteration, double cuts, generalization, special-
ization, isomorphism, exchanging references, merging two vertices, splitting
a vertex, T-erasure, T-insertion, identity-erasure and identity-insertion.

Only the double-cut-rule allows to derive a concept graph with cuts from a
concept graph without cuts. The rules insertion and specialization can only
be applied if we have a graph with cuts. As we consider concept graphs

! In contrast to other authors, like Mugnier [38], we allow that different object
names may refer to the same object, i.e. we do not adopt the unique name as-
sumption. The unique name assumption is needed when a graph shall be trans-
formed into its normal-form. This graph cannot be transformed into a normal-
form and is not a well-defined graph in the approach of Mugnier.

2 Moreover, as projections rely on normal-forms for graphs, they have further
restrictions. See [38].
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without cuts, we remove these three rules from the calculus and interpret the
remaining rules as rules for the system of concept graphs without cuts. So
we have the following definition (for examples, an explanation and a precise
mathematical definition for the rules, we refer to [15]):

Definition 13.1 (Calculus for Concept Graphs without Cuts).

The calculus for concept graphs & := (V,E v, k,p) over the alphabet A :=
(G,C,R) consists of the following rules:

Erasure, iteration, deiteration, generalization, isomorphism, exchanging ref-
erences, merging two vertices, splitting a vertex, T-erasure, T -insertion,
identity-erasure and identity-insertion. If &,, &y are concept graphs such
that &, can be derived from &,, we will write Bq Fpos Gp.

13.2 Standard Models and Semantical Entailment

In this section, we will assign to each graph its standard model which encodes
exactly the same information as the graph. This is based on [75] and has
already done by Prediger in Def. 4.2.5. of [44]. Remember that identity is in
[44] expressed by an equivalence relation 6 only on the set of generic vertices,
so Prediger used the following approach: The set of objects of the standard
model consists of all object names G € G and of all equivalence classes of 6.
But we can express identity between arbitrary, i.e. generic or non-generic,
vertices, thus we have to extend this idea. We start by defining an equivalence
relation g on V' U G, which is an appropriate generalization of Prediger’s 6.

Definition 13.2 (Equivalence-Relation s on V U G).
Let & := (V,E,v, Kk, p) be a concept graph over A. We assume that V and G
are disjoint. Let O be the smallest equivalence relation on V U G such that
1.if p(v) = G € G, then v8sG, and
2. if e € E with v(e) = (v1,v2) and k(e) <=, then v10svs.

It is easy to see that two vertices which are equivalent must refer in each
model to the same object, i.e. we have the following lemma:

Lemma 13.3 (6s-Related Vertices Refer to Same Objects).

Let & := (V,E,v, Kk, p) be a concept graph over A. If vi,ve € V with v10gvs,
then ref(vy) = ref(ve) for each contextual structure (K, \) over A and each
valuation ref : V. — Go with (K, \) = &[ref].
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The opposite direction of the lemma holds as well, i.e. we could characterize
0 by the condition in the lemma. This is not immediately clear, but it could
easily be shown with the results of this chapter.

Now we can assign to each concept graph an appropriate standard model
which encodes exactly the same information as the graph.?

Definition 13.4 (Standard Model).

Let  := (V,E,v,k,p) be a concept graph over A. We define the standard
model of & as follows:

For & # () or G #0,* we first define a power context family K® by

- GY = {[k|s |k € V UG}, and GP = (GP)?,
-~ M :=C, and M® :=R; for 1 <i <n.
— For C € C and g € Gy, we set

gIfC = C=TorFweV.g=[v)fs Ak(v) <C.

— For R; € R; and g1,...,g; € Go, we set (g1,...,q:)IPR; <=
- Jde=(v1,...,0) €EE.g1 =[v1]0s AN ... ANgi = [v;]0s A K(e) < R; , or
—i=2and =< R; ANg1 =g2.

The mappings \® are defined canonically: For each G € G, C € C and RE R
we set

(@)= [Gls . AS(C)i=p(C) , and AS(R) = u(R).

& =0and G=10, let g be an arbitrary element. We define K® as follows:
o = ({gb. {TH{e. M}, K2 := ({(9,9)},{=},{((9,9),=)}). and we set
i = (0,0,0) for i # 0,2. The mappings of A® are defined canonically, i. e.
A$ =0, A\E(T) == w(T), and A (=) := p(=). All remaining concept- or
relation-names are mapped to the L-concept (0",0") of the respective formal
context.

Tl ]

3 This is possible because we consider only the existential-conjunctive fragment
of concept graphs (in particular we do not consider negations or disjunctions
of propositions), so we have to encode only the information a) whether objects
have specific properties or whether objects are in a specific relation, b) whether
objects exist with specific properties, and c¢) the conjunction of informations
like these. These are the kinds of information which can be expressed in graphs
(e.g. existential graphs or concept graphs) in an iconical way, i.e. we encode
in standard models exactly the iconical features of concept graphs. For a deep
discussion of this topic, we refer to [56].

4 As usual in logic, we only consider non-empty structures. For this reason, we
have to treat the case ® = () = G separately.
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The contextual structure (K®, A®) is called standard model of & and is de-
noted by M®.?

It is not immediately clear that the definition above yields indeed a contextual
structure. Of course K® is a power context family. It remains to check that
A= )\g U )\? U )\% fulfills the conditions of Def. 4.3. This is done now.

1. We have to show that )\g and \g are order-preserving. We only consider
the mapping A% (the case \§ is done analogously). So let Ry, R € R;
and (g1,...,9;) € Ext(A§(R1)). If there is an e = (vq,...,v;) € E which
satisfies g1 = [v1]0s A ... Agi = [vi]0s and k(e) < Ry, we have k(e) < Ry
as well, so, by Def. 4.3, we conclude (g1,...,g:;) € Ext(AS(R2)). If we
have ¢+ = 2, =< R; and g1 = g2, then we have = < Ry as well, so, again
by Def. 4.3, we conclude (g1, g2) € Ext(AS(Rz)).

2. It is easy to see that A (T) = T holds.

3. It remains to show: (g1, g2) € Ext(Ar®(=)) < g1 = go for all g1, g2 € Go.
The direction <<=’ is easy to see: For g € Gy, the second condition for
R; of Def. 4.3, applied to i := 2 and R; :== yields (g, g)I$ =. In order
to show direction '=—’, we assume that we have g1, go € Gy and an edge
e = (v1,v2) € E with g1 = [v1])0s, g2 = [v2]0s and k(e) <=. Def. 13.2
yields v10@ vz, from which we conclude g; = [v1]0s = [v2]0s = go.

As all conditions of Def. 4.3 are fulfilled, we see that (K®, A®) is in fact a
conctextual structure. Furthermore, it is easy to see that each graph holds in
its standard model, i.e. we have:

Lemma 13.5 (Each Graph Holds in its Standard Model).
If & := (V,E,v,k,p) is a graph, then (]I_{@, A\®) is a contextual structure over
A. For ref® :={(v,[v]0s) |v € V}, we have (K®,\®) &= &[ref®].

Without proof.

In the following, we provide some examples for simple concept graphs (over
the alphabet ({a,b,c},{A, B,C, T},{=}) with incomparable concept names
A, B, C and their standard models.

1. &, = Me, =] [A[B[C]T]

|A:a}—@—{B:b||C:*| {a,b,’Ul,Ug,U4} XX X
{vs} X | X
{vs} IR

5 We write M® instead of M, because the different contexts of K® and the
mappings of A® already have indices at the bottom.
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2. @2::|A:a}—@—{B:b||C’:*| ./\/lq52::| ||A|B|C|T|
{a,byv1,v2}|| x| x| |%
{vs} x| %

3. = (A HOH BT Me, = [ABCTT
[Caboow ot <[] [

4. @4::|A:a| |B:b||C’:*| ./\/lq52::| ||A|B|C|T|
{a,v1}||x X
{b,v2} x| X
{vs} X | %

5 85 :=[A4:4q] | B:b] M, =] [A]B]C]T]

5

{a,v1}{|x X
{b,v2} M

6. Bg := Mg, ::|

[A[B[C]T]
{a, v }{|x X

{b} X

7. &y = Me, = -IE
{a} X
{o} X
The well-known relation |= on graphs can be understood as follows: &1 = 64

holds iff &; contains the same or more information than @,. This idea can
be transferred to models as well. This yields the following definition:®

Definition 13.6 (Sem. Entailment Between Context. Structures).

Let M@ := (K* \%) and M® := (K® X°) be two contertual structures
structures over A (with K* K, ..., K7) and K7 = (GF, M;*, I,”),

i=1,...,n and x = a,b). We set M* |= M" if and only if there is a
mapping f : G — G which fulfills the following conditions:

1. For all G € G: f(A\J(G)) = A&(G) (i-e. f respects Ag.)
2. For all g € G and C € C: g € Ext(A\}(C)) = f(g) € Ext(A\&(C))
(i. e. [ respects Ac).
3. For all € G and R € R;: § € Ext(A5(R)) = f(§) € Ext(\E(R))
where (@) = 1(g1,-298) = (F(g1), - [(g2)) (i . [ respects A).
We will sometimes write M® =y M? to denote the mapping f, too.

6 See also [80], where Wille defines in a different way the informational content of
a model.
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We want to make the following remarks on standard models:

1. The direction of f is not surprising: It corresponds to the direction of pro-
jections between conceptual graphs (see [7]).” In fact, f can be roughly
understood as projection between models (instead of between graphs).
But note that projection between graphs is complete only under certain
restrictions (e.g., on the normal form of one graph. But, as already ar-
gued, not every graph can be transformed into a normal-form), but it
will turn out that projection between models is complete without fur-
ther restrictions. Thus, to evaluate whether a graph &, entails a graph
By, a sound and complete approach is the following: First contruct the
standard models Mg, and Mg,, and then find out whether there is a
‘projection’ f from Mg, to Mg, .

2. Please note that the two models below are semantically equivalent, al-
though they have a different number of objects. This is based on the
fact that we cannot count in existential-conjunctive languages (without
negation, we cannot express that we have different objects with the same
properties).

K5\ P|T
I i L o

L9 [[x][x] .
3. Concerning the relation = on the
& &

set of graphs resp. on the set of B, &2 M7 M2
contextl.lal structures, the graphs Gy Bs M8 ®s
and their standard models above \/ \/
are ordered as follows: &s IVLE

(T M®s

7 MO

4. In [44], standard models are compared as well, but Prediger compares
only the restrictions of the incidence-relations to objects which are gen-
erated by non-generic nodes. E.g. in Prediger’s approach, the standard
models of the graphs |A e | and |B D * | are comparable, although they
encode incomparable information. Thus Prediger’s approach is strictly
weaker than semantical entailment between models, as it is elaborated in
this chapter.

7 Another comparison can be drawn to algebra: A Standard Model of a graph can
be compared with a free structure over a set of equations in an algebra, and
every algebra which fulfills the equations can be mapped homomorphic into the
free algebra.
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The first step to show that reasoning can be carried over from graphs to their
standard models (and vice vice) will be the next theorem which says that it
makes no difference whethera graph or its standard model is evaluated in
another model. This theorem is the main (semantical) link between a graph
and its standard model. As Prediger has no concept of semantical entailment
between models, there is no corresponding theorem in [44].

Theorem 13.7 (Main Thm. for Graphs and Standard Models).

Let & := (V,E,v,K,p) be a graph, M® = (K®,A®) be its standard model
and M = (K, A) be an arbitrary contextual structure. Then we have

MEM® —= MEG.

Proof: We start with the direction ‘=". We have & Ti@: M® £, M. Let
ref := foref®. We want to show that ref is a valuation with M |= &[ref].
First we have to check that the mapping ref is indeed a valuation. So let
v € V9 with p(v) = G € G. We have

ref(v) = fref®(©) " FOL (p(0) P2 Ao (p(v)
thus ref is a valuation.

To show M = &[ref], we have to check that ref satisfies the vertex- and
edge-conditions of [15], Def. 10.3.

To see that all vertex-conditions are fulfilled, let v € V be a vertex. Let
k(v) = C € C. From M?® = &[ref®] we conclude ref®(v) € Ext(A$ (C)).
Now condition 2) for f yields ref(v) = f(ref®(v)) € Ext(Ag(C)), hence ref
satisfies the vertex condition for v.

The edge-conditions are shown analogously, which completes the proof for
the direction ‘=’.

Now we show the direction ‘<=’ of this lemma.
We have a valuation ref : V. — Gy (where G is the set ref® M®
of objects in M = (K, \)) with M &= &(ref). Further- /

- ; & ® L f
more we have the canonical valuation ref® : V — G ()
(where G is the set of objects in M®) with M® |= \
& (ref®). Let (ref®)~! be an inverse mapping of ref®. ref T
We set

fi=ref o (ref®) ™1 U {AS(G),NG)) | -Fve V. p(v) = G} .

It is easy to see that f is a function from G& to Gy. We have to check 1)-3)
of Def. 13.6.

1. If G € G such that there is no v € V with p(v) = G, then 1) is fulfilled
by definition of f. So we assume that there is a v € V with p(v) = G,
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hence ref®(v) = A\§ (G). Let vg = (ref®) (AP (G)). We have vlsve,
hence ref(vg) L-133 ref(v) MiEglred] Ag(G) We conclude

FOG(G) = ref((ref®) 71 (A (G))) = ref(ve) = Ag(G) |

thus 1) is fulfilled.

2. Let C € C and g € G? with g € Ext(\&(C)) = Ext(u(C)). f C =T,
then 2) is fulfilled by definition of f. So we assume C' < T. Then we have
av €V with g = [v]fe and k(v) < C. We set vy := (ref®)~1(g), thus
we have v0gv,. Similar to 1), we have ref(vy) = ref(v). This yields

flg) =ref(ref®)~t(g)) = ref(vg) = ref(v) € Ext(Ac(k(v))) .

From x(v) < C, hence Ext(A¢c(k(v))) C Ext(Ac(C)), we conclude 2).

3. Is shown analogously. O

From the main theorem, we get the following corollary. The first equivalence
of the corollary corresponds to Thm. 4.2.6. in [44]. But in [44], we find no
result which can be compared to &1 | &2 & M®! = M®2. Again due to
the lack of the concept of semantical entailment between models, Prediger
has only proven an implication which is a weak variant of the implication

(3] |:Q52 = M®1 |:M®2
Corollary 13.8.

Let 1,85 be two graphs. Then we have

&1 ': (D) < ./’\/l@1 ': (D) < M®1 ': M®2 .

Proof: The direction ‘=" of the first equivalence is trivial, and the second
equivalence follows immediately from Thm. 13.7. So it remains to show that
‘<’ of the first equivalence holds.

So let M = (K,\) be a contextual structure with refy . M®
M £ ;. Thm. 13.7 yields a mapping f : G°' — Gy /

such that M =y M®! holds. We furthermore have a s f
valuation ref; : V. — G with M®1 | Gs[refi]. We \

set ref := f oref; and want to show that ref is a Lref M

valuation with M = &a[ref].

We have to check the vertex-conditions for ref, so let v € V5 be a ver-
tex. Let C := k(v). As ref; fulfills the vertex-condition, we get refi(v) €
Ext(A®1(C)). Now condition 2) for f yields ref(v) = f(refi(v)) € Ext(A(C)),
which is the vertex-condition for v.

The edge-conditions are checked analogously. O
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13.3 Standard Graphs

In the last section, we assigned to each graph a corresponding standard model
which contains the same information as the graph. In this section, we do the
same for the opposite direction: We assign to a model a standard graph which
contains the same information. This is done with the following definition.

Definition 13.9 (Standard Graphs).

Let M := (K, A) be a contextual structure. We define the standard graph of
M as follows:

1. For each g € Gy, let vq :: be a new vertex (i.e. we set k(vg) :=T
and p(vg) = *).

2. For each g € G with A\g(G) = g € Gy, let vy be a
new verter and ey a new edge. Let k(vy ) == T, Y9 =
plvg.a) == G, v(e) := (vg,vg,c) and k(e) :== (i.e.
we add the vertex and edge on the right).

3. For each C € C\{T} with g € Ext(Ac(C)), let vgc be
a new vertex and e, ¢ a new edge. Let k(vgc) :=C, Y9 =
plvg.c) == %, vie) := (vg,v9.c) and k(e) === (i.e.
we add the vertex and edge on the right).

4. For each R € R;\{=} with (g1,...,9:) € Ert(Ar(R)), Yo

Vg, -
let eg,....q..r be a new vertex. Let k(eg,, g Rr) =R
and v(e) == (g1,--.,9i) (i-e. we add the edge on the
right).

We denote this graph by ®(K,/\) or ® .8

In [44], Def. 4.2.15, we find a corresponding definition for Def. 13.9. But
there is a crucial difference between Prediger’s approach and our approach:
In [44], Prediger assigns a standard graph to a power context family instead
to a contextual structure. Thus, she has first to define an alphabet which is
derived from the power context family, then she defines the standard graph
over this alphabet. Our approach is different: We fix an alphabet at the
beginning and consider only graphs and structures over this fixed alphabet.

8 B¢ is given only up to isomorphism, but we have the implicit agreement that
isomorphic graphs are identified.
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To get an impression of standard models and standard graphs, we pro-
vide a more extensive example. First we have to fix the alphabet. We set
A = ({a,b,e,d},{A1, As, B1, B2, C, E, T}, {R1, R2, S,=}), where R;, Ry, S
are dyadic relation names. The orderings on the concept- and relation-names
shall be as follows:

-

AN B 5 =

For C : A B C E For R : |
| Ry

A1 B1
We consider the following graph over A:
B:b| [T:x]| [Asa @B,zb\ T:c @ C:x| [E:¥]

(R )

Below, we provide the standard model of this graph (the mappings A\g, Ac
and Ap are not explicit given, as they can easily be obtained from the power
context family). We assume that the vertices of the graph are numbered from
the left to the right, starting with 1, thus the i-th vertex is denoted by v;.

| Ko [[Ai]A]Bi[B[CET]
{a,b,v1,v5,v4 || X | x| x | X X
{ve} X
{C, U5,U6} X X
{v7} X [ X
{d} X
| Ks IEEAEIR
({02}7 {(1, bv U1, U3, 1)4}) X
({a,b,v1,v3,v4}, {c,v5,v6}) x| x| x

({C, 05706}7 {07}) X | X
({va}, {v2})

({a’7 bv U1, V3, ’04}, {aa ba V1,03, 04})
({c,vs,v6},{c, vs, v6})
({vr}, {or})

({d}, {d})

X | X[ X|X]|X

The standard graph of this model is given below. In the left, we sketch which
vertices and edges are added by which step of Def. 13.9.
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If we translate a model to a graph and then translate this graph back into a
model, in general we do not get the same graph back, but at least a seman-
tically equivalent graph:

Lemma 13.10 (M and M®* are Semantically Equivalent).
Let A= (G,C,R) be an alphabet and let M be a contextual structure over A.

1. It holds M = M®M  and MO = M

2. If M satisfies furthermore My = C and M; = R; for all i > 1, then M
and M®M are even isomorphic.

M — MOm

g [vglbe.,
It can easily be checked that f is bijective, and that we have M |=;-1 MM
and M®m ¢ M, hence 1 is fulfilled. For 2, we have that for each ¢, the

contexts K; and K,.2* have the same attributes, so the conditions which are
satisfied by f yield that M and M®M are isomorphic. o

From 2. of Lem. 13.10 we conclude that each model M with My = C and
M; =R, for all i > 1 is already isomorphic to a standard model of a graph.
Together with 1., we see that each class in the quasiorder (CS,|=) contains
at least one standard model (but this is not uniquely determined: Each class
contains infinitely many pairwise non-isomorphic standard models).

Proof: With the denotation of Def. 13.9 for vy, let f := {

In the following, we will provide an corresponding result of the last lemma for
graphs, that is we will show that & and & , s are equivalent. In contrast to
the last lemma, we will prove that & and & s are syntactically equivalent.
As we know from [15] that the calculus for concept graphs with cuts is sound,
we know that the restricted calculus Fp,s we consider in this paper is sound,
too. In particular, when we have shown that & and &, s are syntactically
equivalent, we know that are these graphs are semantically equivalent as well.
Before we prove this equivalence, we need a simple lemma.
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Lemma 13.11.

Let & .= (V, E,v, Kk, p) be a concept graph, let vy, va be two new vertices, e1, ea
be two new edges, and let &' := (V' E' V' k', p') be defined as follows:

- V':i=V U{v, v}, E' == EU{e, ez},
~ v i=v U {(e1, (v,11)), (€2, (v,v2))}
- k= H|V\{U}UE U {(’U, T)a (vla T)a (UQ,H(U)), (elvi)a (62’ i)}’ and

- pl= p|V\{v} U {(U7 *), (’Ulvp(’u))a (U27 *)}

Then we have & Fpos & and &' Fpos & .

Proof:
We start with:

Cor. 10.4. yields:

Lem. 10.3 yields:

Lem. 10.5 yields:

O

Now we are prepared to prove the syntactical equivalence of & and & y e .

Theorem 13.12 (& and ®,,s are Syntactically Equivalent).
Let & be a concept graph. Then we have

G Fpos Gpgo  and Gy Fpos 6 .

Proof: We will exemplify the proof with the example for standard graphs
above, that is, we start with

Bib] [Tx] lApal (=) {Bib] [TeH(=)HC) [Ex

a
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Let [v)0s NV = {v1,..., v, }. With the rule ‘identity-insertion’ and with Lem.
11.5 of [15], we can add or remove identity links such that there is an identity
link between v;,v; € V N [v]fe iff 5 = i + 1. One possible result for our
example is:

T [paHEHBaHEHB®] [Tic @c*\ £

(R

Now we do the following:

1. Each vertex is replaced by (=)

2. Each vertex (C # T) is replaced by (=)

3. Each vertex is replaced with Lem. 13.11 by

4. For each G € G with g ¢ p[V] we add (=)

For our example, we get:

Acx| [Tral [Bpx] [Tb] [Bex| [T:b] [Tic] [Cox| [E:x] [T:d]

S0 90 @Q@@@

| T FOH T FOOHT] [ FoHT] [T+ ]

(R

For each class [v]fgs := {v1,...,v,}, we merge v into va, vy into vs, ..., Vp_1
into v,. After this step, each class [v]fg corresponds to exactly one vertex in
the graph we have constructed so far. Let W be the set of these vertices.
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In our example, we get:

‘A,:*"T:aHB,:*HT:b"B,:*HT:b‘ ‘TZCHC:*‘ ‘E*‘ ‘T:d‘

Now we erase all repeated instances of structures and of struc-
tures = ) which are linked to the same vertex w = with

w € W. Analogously, all repeated instances of edges are erased. The opposite
direction can be carried out with the iteration-rule.

Az [T:a] [Bix] [T:b] (T:c][C:x] [E:x] [T:d]
T \T:*\ \T:*\
S \
—

For each vertex w € W, we now do the following: If a structure {_ = )

is linked to w and if C < D < T, we add a structure which

is linked to w as well (supposed the new structure did not exist already).
Analogously, if we have an edge e which is incident with vertices from W and
which is labelled with the relation name R := k(e), and if S is an relation
name with R < S, we add an edge f with x(f) = 5, |e|] = |f| = k and
fli=¢el1,..., flk = e|x — supposed an edge like this did not exists already.
This can be done with an application the iteration- and of the generalization-
rule. The opposite direction can be carried out with the erasure-rule.

It is easy to see that the resulting graph is &, s. As all steps in the proof
can be carried out in both directions, we are done. O
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The class of all graphs over a given alphabet A, together with the semantical
entailment relation |= is a quasiorder. The same holds for the class of all
models. With the last theorem, we are now prepared to show that these
quasiorders are isomorphic structures. More precisely, we have the following
corollary:

Corollary 13.13 ((CS,[=), (CG,[) are Isomorphic Quasiorders).

The mappings M — &g and & — MO are, up to equivalence, mutually
inverse isomorphisms between the quasiordered sets (CS , =) and (CG , ).

Proof: As we know that b, is sound, the last theorem yields that & = & e
and G e = & hold as well. We have furthermore

Lem. 13.10 Cor. 13.8

My |E My TE=TT MOM | MOMe TEEST G Gy,

These results together with Lem. 13.10 and Cor. 13.8 yield this corollary. O

13.4 Transformation-Rules for Models

We still have to show that k., is complete. Although we have the last corol-
lary, this cannot be derived from the results we have so far.

In order to prove the completeness of I-p,,5, we will introduce four transforma-
tion rules for models:® removing an element, doubling an element, exchanging
attributes, and restricting the incidence relations. This rules form a calculus
for models, which will be denoted by . We will show that .5 for graphs
and F for models are complete. The main idea is the following: If we have two
models M and M® with M?® = M?®, we will show that M? can successively
transformed to M? with the rules for the models, and each transformation
carries over to the standard graphs, i. e. we get simultaneous G aqe Fpos B aqe.
This is enough to prove the completeness of -, as well.

In the following, we will define the transformation rules for models and show
that each rule is sound in the system of models, and that it carries over to
the set of graphs, together with the calculus ;.

Definition 13.14 (Removing an Element).

Let M := (K, \) be a contextual A-structure and let g € Go\Ag[G]. We define
a power context family K’ as follows:

® We have the implicit agreement that isomorphic models are identified. Isomor-
phism between power context families and between models is defined as usual.
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1. Gy = Go\{g}, G = G; N (G})* for alli > 1,
2. M! = M; for all i,
3. Il =1, N (G}, x M;) for all .

For the contextual structure M := (K’, A) , we say that M’ is obtained from
M by removing the element g.

Lemma 13.15 (Removing an Element).
Let M = (K, A) be a model, let M’ := (K',)\') be obtained from M by
removing the element g. Let M® := (K% A\%) be a model, let f : G§ — Go

with g ¢ fIG§] and M =y Mg, andid : Go\{g} — Go the identity-mapping.
Then we have

MI'ZfMa s M':id./\/l' and S Fpos O ar

Proof: It is easy to check that we have M’ =y M® and M =, M.

With the denotations from Def. 13.9), & can be derived from & by
easing all edges v, is incident with, by erasing all vertices and edges vy, and
eq,c¢ wWith G € G and A\g(G) = g, by erasing all vertices and edges vy ¢ and
eg,c with C € C and g € Ext(A¢(C)), and by erasing v,. O

Definition 13.16 (Doubling an Element).

Let M := (K, M) be a contextual A-structure and let g, g’ € Go. For each tuple
9 9579
9 g9i=y
IfM = (]I_(?'7 X)) is a contextual structure over A such that there is a g € Go
with

h=(g1,--..,9i) € Gi, we set h[g'/g] == (g1, ---,g;) with g} :=

1.Gy=GoU{g'} forag & Gy and G}, = G; U {f_i[g'/g] |l_i € G;} for all
i>1,

2. M! = M, for all i,

3.1 = Iy U {(¢,m) | glom}, and I} = I, U {(hlg'/g],m)|hI;m} for all
i>1,

4. Ag fulfills \g(G) = Xg(G) for all G € G with \g(G) # G, and for all
G € G with Ag(G) = G we have \g(G) € {g,4'},

5. \(C) = ((Int(Ae(C)) %o, Int(A\c(C))) for all C € C, and
6. Ng (R) = ((Int(Ar(R))", Int(Ar(R))) for all R € R,

then we say that M’ is obtained from M by doubling the element g.
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As the definition of doubling an element is fairly technical, we provide an
example for this rule. Let A := ({a,b,c},{A, B, T},{R,=}), where R is a
4-ary relation name, and let the following contextual structure M over A be
given (we have added an additional column to show how the mapping Ag
assigns object names to objects):

[ A | [Ko[[A[BICIT]
a,b] [ g Ix[x] [x (9,9)[[* (9.h.g. W[ <] .
c||h X | X (h,h)||x

Then the following contextual structure is one of three possible structures
which can be obtained from M by doubling the element g:

o] [KolAlBIC[T) [ Ke [ K &]

a || g |[x[x] |x (9,9) ||* (9,h,9.h) ||x
R B R B (g",9")]|x (g’ h,g' ][
cl|h x| % (h, h) || x
As we loose the information Ag(a) = Ag(b), we see that this contextual

structure contains less information than M.

Furthermore we note that if (K’ A, (]K” ,A") are two contextual structures
which are obtained from a contextual structure (K, \) by doubling the ele-
ment g € Gy, then they can (up to isomorphism) only differ between A and
L.

g

Lemma 13.17 (Doubling an Element).

Let M := (K, \) be a model and let M’ := (K', X') be obtained from M by
doubling the element g € Go. Then we have

MEM' and Sprtpos Gar -

If we have a model M® := (K* \*) with M |= M,, then we can chose M’
such that we have M’ = M®.

Proof: Let ¢’ € G{, be the new element which is obtained from doubling
g € Go, i.e. Gj = Go U {¢g'}. Tt is easy to see that f' : G — Go with
f'la, = id and f'(¢’) = ¢ fulfills all conditions of Def. 13.6, i.e. we have
MEp M.

Now let f, : G§ — Go be a mapping with M |=¢ M. Let f; be an arbitrary
mapping with f;(h) = fa(h), if fa(h) # g, and fi(h) € {g,9'}, if fa(h) = g.
Now condition 4. of Def. 13.16 enables us to chose A from M’ such that
condition 1. of Def. 13.6 is satisfied. Conditions 2. and 3. of Def. 13.6 are
trivially satisfied. So we have M’ |=;, M.
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It remains to show that &g Fpos o holds. We will exemplify the proof
with the example after Def. 13.16, that is, we start with

We consider the subgraph which contains the following vertices and edges
(we use the denotation of Def. 13.9):

1. vy, all vy ¢ and eg, ¢ (with G € G and Ag(G) = g), all vg,c and ey ¢ (with
C € C and g € Ext(Ac(C)).

2. All edges eg, ... q4,.r such that g; = g for one j (with R € R and
(91,---,6:i) € Ext(Ar(R))). The set of these edges shall be denoted by
F.

3. All vertices vy, which are incident with an edge e € F. The set of these
vertices shall be denoted by W.

This subgraph is iterated, and an new identity link is inserted between w and
its copy for each w € W.19 The copies of the vertices Vg, and edges eg ¢ will
be denoted by v;,G and e’g,G, respectively. For our example, we get:

‘A:*HB:*HT:aHT:b‘ ‘CZ*HTZC‘ ‘A:*HB:*HT:(JHT:I)‘

For every w € W, the copy of w is merged ‘back’ into w. For our example,
we get:

For g, we erase all vertices v, ¢ and edges ey ¢, where A\ (G) # g. Analogously
for g’, we erase all vertices v, ; and edges e; o, where \g(G) # ¢'. For our
example, we obtain the following graph:

19 Using the technical implementation of the iteration-rule in Def. 11.1. of [15], we
insert an identity link between (w,1) and (w, 2).
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‘A:*HB:*HT:a‘ ‘CZ*HTZC‘ ‘A:*HB:*HT:IJ‘

This is Sy O

Definition 13.18 (Restricting the Incidence Relations).

Let M := (K, \) be a contextual A-structure. If M := (K', \) is a contextual
structure over A with

G, = G; for alli, M= M; for alli, andI; C I; for all i,

then we say that M’ is obtained from M by restricting the incidence relations.

Lemma 13.19 (Restricting the Incidence Relations).
If M" := (K, \) is obtained from M := (K, ) by restriction the incidence

relations, we have

M 'Zid MI and @M |—p08 6/\/1’ .

Proof: It is easy to see that &, is a subgraph of &, hence B, can be
derived from &, by erasing all edges and vertices which are not in &, . O

Definition 13.20 (Exchanging Attributes and Standardization).
Let M := (K, \) be a contextual A-structure. If M" := (K', N') is a contextual
A-structure which satisfies
1. G} := G for all i,
2. gIgAc(C) <= gI{\;(C) for all g € Gy and C € C,
3. GIidr(R) <= GI}M\;(R), for alli>1, § € G; and R € R;, and
4. Ag = Ag,
then we say that M’ is obtained from M by exchanging attributes of M. If

M’ additionally satisfies My := C and M| := R; for all i > 1, then we say
that M’ is obtained from M by standardization of M.

This rule is the only rule which does not weaken the informational content
of a model. In particular, it can be carried out in both directions.
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Lemma 13.21 (Exchanging Attributes and Standardization).

If M = (]I_{',X) is obtained from M := (]K, A) by exchanging attributes, we
have

Mlzid./\/l/ ; Mlliid./\/l ,and (’5/\4:@5/\4/.

Furthermore exists a standardization of M for each contextual structure M.

Proof: Trivial

The four rules form a calculus for models, i. e. we have the following definition:

Definition 13.22 (Calculus for Contextual Structures).

The calculus for contextual structures over the alphabet A := (G,C,R) con-
sists of the following rules:

Removing an element, doubling an element, exchanging attributes, and re-
stricting the incidence relations.

If M2, M are two models, and if there is a sequence (MY, M2 ... M™)
with M* = M and M® = M™ such that each M is derived from M? by
applying one of the rules of the calculus, we say that MP® can be derived from
M, which is denoted by M® F MP.

Now we are prepared to show that the transformation rules for models are
complete and respected by the construction of standard graphs.

Theorem 13.23 (- is Complete and Respected by Stand. Graphs).

Let M® := (K%, \%), MY := (K°, \Y) be two contextual structures such that
M = MP. Then we have

MEEME and  Bae Fpos G -

Proof: First Lem. 13.21 allows us to assume w.l.o.g. that M® and M? are
standardized, i.e. that we have M@ = M = C and M;* = M,> = R; for all
i>1.

Let f: GY — G with M® = MP.

Assume that f is not injective, i. e. there are g1, g2 € G with f(g1) = f(g2).
Then we can double f(g1) € G to obtain from M?* a contextual model M*®
with a new element h. Similar to the proof of Lem. 13.17, we can choose A&
such that the a mapping [’ : G — G¢§ with Flagigey = [ and f(g2) = h
which fulfills M® = M. If f’ is not injective again, we repeat this step as
often as necessary until we finally obtain a contextual structure M! and an
injective mapping f1 : G — Gg with M! =, M®b. As M! is obtained from
M? by doubling several elements, we have M? - M! by definition of I, and
Lem. 13.17 yields & aqa Fpos S pqr.
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If f1 is not surjective, we can remove with the rule rule 'removing an element’
gradually all objects g € G\ f1[G] from M! to obtain from M a contex-
tual structure M? with M* - M2, Lemma 13.15 yields & pq1 Fpos S g2 and
M? 4, MP. Furthermore we now have that f is bijective.

It is clear that isomorphic contextual structures yield isomorphic standard
graphs, so we can finally assume that f is the identity-mapping, in partic-
ular we have GZ = G¢ (remember that have the implicit agreement that
isomorphic models are identified).

Conditions 1.-3. of Def. 13.6, which are satisfied by ¢d, can now be stated as
follows:

1. For all G € G we have A\J(G) = A\J(G),

2. C= M2 =My, and for all C € C we have C1’ C C%’, and

3. for i > 1, we have R; = M2 = M;}"

;°, and for all R € R; we have
R C RY.

Now it is easy to see that M?® can be obtained from M? by restricting the
incidence relations, thus Lem. 13.19 yields M? F M® and & y2 Fpos B oo

As s (for graphs) and I (for models) are transitive, we conclude M® - M?
and & pqa '_pos B g O

From this theorem we can conclude that the calculus t-p,s on the graphs is
complete as well, as the following corollary shows.

Corollary 13.24 (Both Calculi are Complete).

Let M1, My be models and &1, B2 be graphs. We have:

Ml ': MQ < M1 [ MQ and @1 ': @2 <~ 61 |—p0$ 62 .

Proof: The direction <=’ of the first equivalence follows immediately from
Lemmata 13.17, 13.15, 13.21, and 13.19, and the direction '=’ is a part of
Thm. 13.23.

The direction <’ of the second equivalence is already proven in [15], so it
remains to show '=’. We have:

G = Gy 2 MO MO OB B 6, S G 6y,

thus we are done. 0

13.5 Conclusion

In Prediger’s work ([44]), the notion of standard models is adaquate only
for concept graphs without generic markers. For concept graphs with generic
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markers, a standard model of a graph may encode less information than the
graph. Thus, in this case, the reasoning on concept graphs cannot be carried
over to the models completely. This is a gap we have bridged with our notion
of standard models, which extends Prediger’s approach. Moreover, reasoning
on models can now be carried out in two different ways: By the semantical
entailment relation = on models (see Def. 13.6), and by transformation rules
between models (see Sect. 13.4).

In this tratise, an adaquate calculus for concept graphs with cuts is provided.
Thus, if we have two concept graphs without cuts &, and &; with &, | &,,
we have a proof for &, - &,;, that is: We have a sequence (&1, B,,...,6,,)
with &; = &,, &, = 6, such that each &, is derived from &; by applying
one of the rules of the calculus. But now we have even more: From Cor. 13.24,
we conclude that we can find a proof (&1,®s,...,6,,) such that all graphs
B1,...,6, are concept graphs without cuts. This result cannot be directly
derived from the preceeding chapters of this treatise.
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Concept graphs are a mathematization of conceptual graphs. In the process of
mathematization, the negation contexts of conceptual graphs were replaced
by cuts, and the coreference links of conceptual graphs where replaced by
identity links. It is important to note that this have been decisions in the
process of mathematization. In this chapter, some arguments for these deci-
sions are presented. Moreover, it will be argued why we restricted ourselves
to concept graphs with dominating nodes, and the design of the calculus will
be explained.

14.1 Cuts

Negations occur in several approaches for conceptual graphs. Why we did not
adopt and mathematizise one of these approaches shall be explained in this
section.

In order to handle negations, a specific syntactical element of the well-formed
formulas has to be declared to express them. For this purpose, the standard
approach uses a context box of type Proposition which is linked to a unary
relation of type neg (see [64]). Sometimes, these special context boxes are
abbreviated by context boxes of type Negation (e.g. [65]) or by drawing
a simple rectangle with the mathematical negation symbol = ([64]). Some
approaches use these rectangles without explaining whether the box is an
independent syntactical element or just an abbreviation for context boxes
of a specific type (e.g. [70] or [1]). But as soon as negation is introduced,
the definition of conceptual graphs (i.e., the definition of the well-formed
formulas), any calculus and any translation of conceptual graphs to another
formal language (like the translation to first order logic with the @-operator)
have to capture its properties.

We start our discussion with the definition of conceptual graphs. In [64] we
find that a context is a box whose designator is a concept graph. As boxes
may be linked to relations, the following is a valid conceptual graph:

F. Dau: The Logic System of Concept Graphs with Negation, LNAI 2892, pp. 187-204, 2003.
© Springer-Verlag Berlin Heidelberg 2003
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neg PROPOSITION:

UNICORN: *

It has to be clarified which relations are allowed to be attached to contexts.
For example, it has to be clarified whether the following graphs are conceptual
graphs:

So if negation is introduced as a relation, we see the following: If arbitrary
relations may be attached to concept boxes, then it is difficult to define a
meaningful semantics. Thus, it has to be specified which types and relations
may be linked. Sowa uses signatures for relation ovals which ‘represents a
constraint on the types of concepts that may be linked to its arcs.” According
to his definition, the first graph is not a well-formed conceptual graph. But
it seems that the second graph fulfills his requirements and therefore is a
well-formed conceptual graph. As an application of the relation ‘neg’ to Yoyo
makes no sense, the meaning of this graph is not clear. Thus, if negation
is introduced as a relation which may only be attached to specific concept
boxes, it is difficult to define which graphs are valid conceptual graphs and
which graphs are not.

The next problems arise when we ask how negation is handled in calculi or
in translations to other formal languages (like @). If negation is expressed by
special context boxes only, any calculus and any translation has to treat these
special context boxes different from all other context boxes. For example, if
negation is expressed by context boxes of type Negation, a calculus should
allow the nested boxes in the following graph to be erased (and vice versa,
to be introduced again):

NEGATION:

NEGATION: | }_( H |

This seems to be impossible for any calculus which does not treat the negation
boxes separately (like the calculus of Prediger ([45]) or any calculus which is
based on projections).

If negation is expressed by contexts of type Proposition which are linked to
a unary relation neg, another difficulty appears. This shall be shown by the
following two conceptual graphs:
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PROPOSITION:
o) - (o)

The first graph is well known: Its meaning is ‘a cat is on a mat’. In particu-
lar, the graph claims to be true. The meaning of the second graph is, strictly
speaking, ‘there exists a proposition which states that a cat is on a mat’.
Quoting a proposition changes its character. It is important to distinguish
between asserting and quoting a proposition (as between using and mention-
ing linguistic items). Hence the meaning of the second graph is different to
the meaning of the first graph. Indeed: In none of the common calculi, one
graph can be derived from the other one. Hence it causes problems to express
the negation of the first graph by the second graph with a relation neg.

Therefore, negation contexts have to be treated differently to other contexts
and such an approach will lead at least to a technical overhead both in the
calculus and in any translation of conceptual graphs to other formal lan-
guages.

Another crucial point is that negation contexts always contain closed sub-
graphs (the only exception in conceptual graphs is that coreference links are
allowed to cross negation contexts). This may lead to some difficulties in
the semantics, i.e., the meaning of negation. In order to clarify this, we will
discuss an example. Consider the following valid proposition: The painter
Rembrandt created the painting The Nightwatch. This proposition can be
translated to the following conceptual graph:

PAINTER: Rembrandt H createH PAINTING: The Nightwatch

This graph represents not only the information that Rembrandt created The
Nightwatch, but also that Rembrandt is a painter and The Nightwatch is a
painting. Now, consider the painting The Starry Night instead of The Night-
watch. This painting was created by van Gogh, so the proposition ‘the painter
Rembrandt did not create the painting The Starry Night’ is true. How can
this proposition be transformed to a conceptual graph? The following graph
is a first attempt:

| | PAINTER: Rembrandt }—( createH PAINTING: The Starry Night

This graph is not the translation of the former proposition: In the proposition,
only the verb ‘to create’ is negated, but in the graph, the negation box also
encloses the information that Rembrandt is a painter and The Starry Night
is a painting. The information in the concept boxes can also be false, as can
be seen in the following graph:
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1| | COMPOSER: van Gogh H createH PAINTING: The Starry Night

This graph is true although van Gogh did create The Starry Night. In par-
ticular, this graph should not be read as

The composer Van Gogh did not create the painting The Starry
Night.

But this understanding is suggested when Sowa in [62] or [65] says that the
meaning of [Negation: [Cat: Yoyo]—(On)— [Matll,i.e.,

NEGATION:

is ‘the graph denies that the cat Yoyo is on a mat’. Now, the goal is to negate
only the verb ‘to create’ in the false proposition ‘the painter Rembrandt
created the painting The Starry Night’. This problem has already been ad-
dressed, one approach for its solution is the following graph:

| PAINTER: Rembrandt | | PAINTING: The Starry Night |

- ‘ T % H createH T % ‘

Fig. 14.1. ‘The painter Rembrandt did not create the painting The Starry Night’

Indeed, this graph expresses the proposition ‘the painter Rembrandt did not
create the painting The Starry Night’. But obviously, the aim of making con-
ceptual graphs easily readable and intuitively understandable is not fulfilled.

To summarize: We have both syntactical and semantical objections to in-
troduce negation as a special context box. The main reason for this is that
negation is in conceptual graphs handled as a metalevel operation, i.e., an
operation which applies not to conceptual graphs directly, but to propositions
about concept graphs (which are formalized as conceptual graphs, too). But
in our view, negation is a logical operator and has therefore to be treated sep-
arately. As Peirce said: ‘ That a proposition is false is a logical statement about
it, and therefore in a logical system deserves special treatment.’ ([41]). This
yields the following conclusion: For the mathematical treatment of negation
in concept graphs, in the definition of their well-formed formulas there should
be an independent syntactical element which is used to express negation. For
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this reason we added the cuts of existential graphs as new syntactical element
to concept graphs.

14.2 Identity Links

The next task is to express identity in concept graphs. In this section we will
provide some arguments why identity is implemented in concept graphs with
identity links. In order to do this, we will discuss the two main approaches
how identity is to be expressed in conceptual graphs:

1. The approach of Sowa who uses coreference links or coreference sets to
express identity. This approach is adopted by nearly all authors who deal
with conceptual graphs.

2. The approach of Prediger who uses an equivalence relation on the generic
nodes to express identity.

Both approaches use dotted lines for representing coreference links resp. the
equivalence relation. For example, in both approaches the intuitive meaning
of the graph

| DOG: # || PET: #|

is: There is a dog which is a pet.

There must be a syntactical element in our language which is used to express
identity. Before we start a detailed discussion of the approaches of Sowa and
Prediger, we want to first work out some of the properties any syntactical
element, which is used to express identity, should have.

The first observation is simple: Identity can not only occur between generic
vertices, but it can also occur between non-generic vertices' and finally be-
tween a generic and a non-generic node. The best known example for the
first case is Frege’s example that the names ‘morning star’ and ‘evening star’
refer to the same physical object. The second example is adopted from [4].
So the following two graphs should be well-formed valid conceptual graphs:

‘ STAR: morning star‘ ‘ PRESIDENT: Franklin ‘

‘ STAR: evening star ‘ INVENTOR: *

! In computer science there are many systems which rely on the ‘unique name
assumption’. This assumption says that different object names always refer to
different objects. But we follow the line of classical logic in which different names
may refer to the same object.
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The next observation is that we have to distinguish between syntactical and
semantical identity. Syntactical identity takes place at a very basic level. It
means that vertices which are coreferent are treated as if they were one name
for an object which can appear several times in a graph (particularly iden-
tity takes place before any evaluation). This understanding has the following
implications:

1. We have to assign the same object to coreferent vertices when the graph
is evaluated in a model.

2. In the definition of the operator @, we should assign the same variable to
coreferent vertices.

Semantical identity means that identity is handled like other relations (par-
ticularly identity is checked during evaluations). This understanding has the
following implications:

1. Tt is possible to assign different objects to coreferent vertices, and the
identity is not checked until the graph is evaluated in a model.

2. In the definition of the operator @, we should assign different variables
to coreferent vertices which are equated in the formula.

Next we will argue that implementing identity on a purely syntactical is not
sufficient. To understand the argument, let us assume that we have only an
element in our language which expresses syntactical identity between vertices.
The question arises whether it is possible to construct a graph which says
that there are at least two things. This should be possible in every alphabet,
in particular in A := (§,{T},0) (as we discuss approaches for expressing
identity in concept graphs which differ from our solution which uses identity
links, we do not have a relation = in our alphabet). A graph & with the
meaning ‘there are at least two things’ must contain at least two vertices
v1, vg which stand for these two things. Hence it has to fulfill the following
condition: If & is evaluated in a model, the evaluation yields true if and only
if we assign different objects to v; and v,. We define a relation # on V' such
that a pair vy, ve of two vertices is in relation 6 if they are identified by our
syntactical identity relation. We conclude that 6 is an equivalence relation
from the conditions a syntactical identity has to fulfill. Now we have two
cases to discuss: (v1,v2) € 0 and (v, v2) € 6.

We start with the first case, i.e., (v1,v2) ¢ 0. In this case there is no connection
— direct or indirect — between v; and wve, neither with edges (as we have
R = ), nor with the element in our language which expresses identity. Hence
no reasonable semantics will yield that the graphs evaluated to true in a model
if and only if different objects are assigned to v; and vs.

Now let us assume (vi,v2) € 6. Then it is not possible to assign different
objects to v; and vy, hence v; and vy cannot represent two different objects.
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Both cases yield that in a language where identity is implemented on a purely
syntactical level provides only the possibility to express syntactical identity,
but it is impossible to express that two objects are not identical (thus, it
is not possible to provide a graph with the meaning ‘there are at least two
things’). Hence a language like that is strictly weaker than FOL and therefore
not sufficient for our purpose.

In the argumentation above, only in the discussion of (vy,v2) € 6 we needed
that 6 is derived from a syntactical identity. The remaining argumenta-
tion only needed that 6 is an equivalence relation. For this reason the case
(v1,v2) € 0. deserves a closer investigation.

In order to do this, we now assume that we implement identity on concept
graphs by an equivalence relation 6 on the set of vertices, and we assume that
0 stands for a semantical identity between vertices which are in relation 6 (this
is the approach of Prediger). Again we are looking for a graph & with the
meaning ‘there are at least two things’, and again we suppose that & contains
two vertices v1, va which stand for these two things. If we have (v1,v2) & 0,
we have the same argumentation as for syntactical identity, hence it remains
to consider (vi,v2) € 6. If v; and vy are placed in different contexts, it is not
immediately clear how a semantics should evaluate that we have (vi,v2) € 6.
But if v; and vy are placed in the same context, any reasonable semantics
should check — when the context of v; and vy is evaluated — whether vy
and vo refer to the same object. On the other hand, the proposition ‘v; and
vy stand for two different objects’ is symmetric with regard to v; and wvs.
Hence any reasonable syntax and semantics for concept graphs should allow
to construct & so that it is symmetric with regard to v; and vy. Especially vy
and vy are placed in the same context. But as the identity is checked in this
context, too, we encode in this context (at least) the information ‘there are
two things which are identical’ and not ‘there are two things which are not
identical’, hence & does not have the desired meaning. So we conclude that
implementing identity by an equivalence relation is also not sufficient for our
purpose.

To summarize the discussion to this point, we can draw three conclusions:

1. Identity should not be implemented only on the generic nodes.
2. Identity should not be implemented in a purely syntactical way.
3. Identity should not be implemented by an equivalence relation on the

concept boxes.

In the light of these conclusions, we can now discuss the approaches of Predi-
ger and Sowa.

Prediger presented in [44] a mathematical foundation for concept graphs
(simple as well as nested). She implemented a syntactical form of identity by
an equivalence relation on the generic vertices. In her approach, she did not
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make any arrangements for expressing negation. Therefore, it is only possible
to encode positive information in her graphs, thus in her implementation
none of the problems we discussed above arise. However, as concept graphs
with cuts provide the possibility to express negations, the discussion we have
carried out so far yields that we should not adopt Prediger implementation
of identity for concept graphs with cuts.

The discussion of the approach of Sowa will be more extensive. He uses coref-
erence links to express the identity of two entities. In [60] he says: ‘Two
concepts that refer to the same indwvidual are coreferent. [...] To show that
they are coreferent, they are connected with a dotted line, called a coreference
link.” Our discussion of Sowa’s approach will be based on four examples which
we provide in Fig. 14.2. The graphs &1, 2 and &3 are taken from [60], the
graph &, is taken from [62].

&1 = ‘ PERSON: Mary ‘ """"" ‘ TEACHER: * ‘
1 1
(G iz‘DOG:*"""“ PET:*‘ B3 1= ‘DOG”"‘ """" ‘ PET:*‘
G4 = ‘T:*‘ B {T:*‘ ‘T:*‘

Fig. 14.2. ‘Four examples of Sowa for coreference-links.

First we want to show that Sowa’s approach fulfills the three conclusions we
have stated at the beginning of this section. The first graph &; is an example
with a coreference link between a generic and a non-generic node, i.e., we see
that coreference links meet the first of our three conclusions (identity should
be implemented only on the generic nodes).

Next we have to find out whether coreference links should be understood syn-
tactically or semantically. In [60], Sowa maps the graphs &9 and &3 to the for-
mulas 3z.(DOG(x) N—PET (z)) and =3y.(DOG(y) AN PET (y)), respectively.
This translation suggests that coreference links should be understood as a
syntactical implementation of identity. But on the other hand, he assigns to
&, the formula 3z.(PERSON (Mary) \TEACHER(x)ANMary = z), which
suggests a semantical understanding of coreference links. This becomes more
clear in [62], where Sowa provides the graph &, which is Sowa’s example of
a graph with the meaning ‘there are at least two things’. In [62], he he trans-
lates &4 to the formula Jz.3y.(T(2) AT(Y) ATz (T(z)Ax=2zAz=1y)). In
particular, different generic vertices map to different variables, and a coref-
erence link maps to an equation which equals the corresponding variables.
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Therefore we conclude that coreference links should be understood semanti-
cally. The translations of 5 and &3 that Sowa provides may be abbreviations
for the (semantical) translations 3x.(DOG(z) A =3z.(PET(z) Az = z)) and
—3y.32.(DOG(y) AN PET (z) Ny = z).

Finally, according to Sowa’s declaration of coreference links, these links al-
ways connect two concept boxes. So we conclude that coreference links should
not be understood as a visualisation of an equivalence relation. This can be
seen even better on &,4. In &4, we have two coreference links which are
mapped to the subformulas x = z and z = y. If these coreference links were
based on an equivalence relation, we would have an additional subformula
x = y in our translation. Thus, &, would be mapped to the contradictory
formula Jz.3y. (TE) AT Az =yA-Fz(T(z)Ax=2Az=y)). So®
would be contradictory itself and would not have the meaning Sowa intends.

We have seen that coreference links fulfill the three requirements we have
stated at the beginning of this section. Nevertheless there are some objections
against coreference links which shall be explained next.

Remember that Jx.3y.(T(z) A T(y) A =Fz.(T(z) Az = z Az = y)) is the
translation of 4. It is crucial that the equating of the variables (i.e., the
subformulas x = z and z = y) is placed inside the negated part of the
formula. But as the link in the graph looks symmetric, it is not clear to the
reader why the equating in the formula is placed inside and not outside of the
negated subformula. This ambiguity can be seen even better in the following
example:

| PERSON: Adam || PERSON: Eve|

If PERSON (Adam) A ~(Adam = Eva N PERSON (Ewva)) is the translation
of the graph, the resulting formula is true, but if @ translates this graph
to PERSON (Adam) N Adam = Eva A ~(PERSON (Eva)), the resulting
formula is not true. Hence, in order to understand the correct meaning of this
graph, the reader must keep the implicit agreement that equality is always
placed in the inner context in mind. Without this knowledge, coreference
links may be misunderstood. This yields that the meaning and handling of
coreference links is not intuitively clear.

The next objection we have is that the special properties of identity and hence
the special properties of coreference links have to be reflected by syntax and
semantics for conceptual graphs. And any calculus should contain rules which
encompass the properties of identity. For example, it should be made clear
whether the first of the following graphs is a valid conceptual graph. If it is a
valid conceptual graph, it should be provably equivalent to the second graph:

DOG: |
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As identity is a transitive relation, the next two graphs should be provably
equivalent, too:

But of course coreference links are not transitive, if some of them cross context
boxes. To see this, consider the graph

1
[ Tose | [Taow oo [ T
v, vy V3

This graph is contradictory. In particular it cannot be derived from &, of
Fig. 14.2. On the other hand, any calculus should allow to derive arbitrary
graphs from this graph. Most calculi (e.g. the calculus Sowa provides in [59])
lack rules which allow to treat coreference links in a sound and complete way.

To summarize again: Introducing coreference links to express identity may
lead to misunderstandings of their meaning and to gaps in their syntactical
implementation, in particular in the calculus.

For these reasons, identity is introduced by a relation name = € R, in con-
cept graphs with cuts. Hence instead of using coreference links, identity is
expressed — like any other relation — by edges. The edges which are labelled
with the relation name = are therefore called identity-links (see Def. 2.10).
This approach has the following advantages:

First, identity links can be understood as all other edges, i.e., we need no
implicit agreements how identity links have to be read. Hence identity links
are better understandable than coreference links. For example, compare the
following conceptual graph and concept graph with the same meaning;:

PERSON: Adam| || PERSON: Eve| | | PERSON: Adam}E@{ PERSON: Eve]

As we are allowed to draw cuts around edges, and as we only want to deny
that Adam and Eve are identical, we can provide an even better concept
graph. The left of the next two concept graphs with cuts has the meaning
‘Adam and Eve are different persons’. The other graph is a concept graph
with cuts with the meaning ‘there are at least two things’. Thus, it has the
same meaning as the corresponding conceptual graph of Fig. 14.2, but is
much simpler.

PERSON: Adam '||' ()]
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As identity has special properties, we have special rules in our calculus which
encompass these properties for identity links. But as identity links are edges,
in all other rules identity links are handled like all other edges. For example,
the rules specialization and generalization apply to identity links, too. This
is another advantage of identity links compared to coreference links.

14.3 Dominating Nodes

In this treatise we have only considered concept graphs with dominating
nodes. The requirement that each concept graph has dominating nodes can
be dropped, but considering concept graphs with some non-dominating nodes
(i.e. nodes v € V such that there is an edge e € E, with ctz(e) £ ctz(v))
yields immense problems in the semantics as well as in the calculus. This
shall be explained in this section.

Concept graphs with non-dominating nodes can be best understood when
they are mapped to FOL. We start with the following (false) graph:

(G2 ::‘ PAINTER: Rembrandt SONG: The Nightwatch ‘

We have
@(&1) = PAINTER(R) A create(R,nw) A SONG (nw)

(in the formulas, we abbreviate Rembrandt by R and The Nightwatch by nw
to get shorter formulas). It is true that Rembrandt created The Nightwatch,
but The Nightwatch is of course the famous painting, not a song. Hence &,
is false. The wrong information that The Nightwatch is a song is encoded by
the concept box ‘ SONG: The Nightwatch

This would yield the following concept graph with a non-dominating node:

, so this box should be negated.

& :=| PAINTER: Rembrandt SONG: The Nightwatch ]

If the definition of @ is expanded to concept graphs without dominating
nodes, it should yield:

&(&3) = PAINTER(R) A create(R,nw) A 2“SONG(nw)

This translation is straight forward. In fact, we can improve the readability
of some graphs if we allow concept graphs to have non-dominating nodes,
too. But as soon as generic markers are involved, the situation is completely
different. To see this, we replace the name ‘The Nightwatch’ by the generic
marker ‘x’, i.e., we consider
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®3 :=| PAINTER: Rembrandt H SONG:*l

If we simply apply the operator @ to &3, we get the formula

&(&3) = PAINTER(R) A create(R,x) A -3z.SONG(x)

The first occurence of the variable z is not in the scope of the quantifiers dz,
i.e., it appears free in the formula. It is clear that the formula above cannot
be a reasonable translation of &3 for two reasons:

— The different occurences of x may refer to different objects.

— Concept graphs should always be translated to closed formulas.

Thus the definition of @ has to be modified when we consider concept graphs
without dominating nodes, too.

To get a reasonable definition of @, the intended meaning of &3 has to be
made clear. A first idea may be the following: ‘The painter Rembrandt did
not create a song’. But this statement is true even if Rembrandt did not
create anything. But in &3, the relation oval appears directly on the
sheet of assertion, hence the graph postulates a relationship of type ‘create’
between Rembrandt and another object. This object is quantified by a generic
marker. As the first attempt to translate &3 shows: This quantification does
not take place inside the cut. Thus it takes place outside the cut, i.e., on the
sheet of assertion. The type of the object is described by the concept box
which is placed in the cut. From the discussion we conclude that
the type of the concept box is negated, but the quantification is not. So the
right understanding of &3 is the following: The painter Rembrandt created
something which is not a song. Hence the right translation to a FOL-formula
should be:

P(&3) := Jo.(PAINTER(R) A create(R,x) A~SONG(z))

The reason for this translation is the following: Although the generic marker

appears in a cut, the fact that the concept box | SONG: x| is linked to the
relation oval which is placed on the sheet of assertion yields that
the scope of the generic marker goes beyond the cut to the sheet of assertion,
too.

This consideration shall be exemplified with another graph. We consider

Gy = [ ANIMAL: * %consciousj]
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Again the question arises where the existential quantification of the generic
marker takes place, i.e., where the scope of the generic marker is. For the
same reason as in the last example, it cannot be the (inner) cut where the

box | ANIMAL: x| is placed. An analogous argument yields that it cannot be
the cut where the oval is placed, either. So it must be the least
context which encloses the concept box as well as the attached relation oval.

This is the outermost cut, thus &4 should be translated as follows:
&(&,) := ~Fx.(mANIMAL(z) A ~conscious(x))

The discussion so far yields that the understanding of concept graphs without
dominating nodes rapidly becomes difficult and complicated, but we can at
least provide a reasonable extension of the definition of @ to concept graphs
without dominating nodes where we take the scope of generic concept boxes
into account.

Extended definition of &.

For each generic node v € V (i.e., p(v) = *) we set
scope(v) := min{c € Cut U{T }{v}UV. C <[]}

(scope(v) is the context in which v is quantified).

Let & := (V, E,v, T, Cut, area, k, p) be a simple concept graph with cuts and
variables. We set Free(®) := {« € Var|Jv € V.p(v) = %4}, and we assign
to each vertex v € V* a fresh variable «, ¢ Free(®), so that we can define
the following mapping @, on V:

ay, for p(v) = x
&i(v) := ¢ «a for p(v) = %, and o € Var
g for p(v)=gand g€ G

We need a further variable empty ¢ Free(®) U {ay | p(v) = *}. Now, induc-
tively over the tree Cut U{T}, we assign to each cut ¢ € CutU{T} a formula
P(®,¢). So let ¢ be a context such that (B, d) is already defined for each
cut d < c. First, we define a formula f which encodes all edges and vertices
which are directly enclosed by c. Hence, if ¢ does not directly enclose any
edges or vertices, simply set f := (3ctempty- T (Qempty)). Otherwise, let f be
the conjunction of the following atomic formulas:

K(w) (Pt (w))

w
Dy (w1) =P (wy) with k € E' Narea(c) und v(k) = (wy,ws), and
k(e)(Ps(wr), ... Pr(wy)) with e € E™"4 0 grea(c) and v(e) = (wy, ..., w;).

(w)) with w € V Narea(c),

Let v1,...,v, be the vertices of & with scope(v;) = ¢ (this is the main
difference to the Definition of ¢ in Sect. 9.2). Let area(c)NCut = {c1,..., ¢}
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(by induction, we already assigned formulas to these cuts). If I = 0, set
P(&,¢) :=Jay,....3ay, .f , otherwise set

(B, ¢) :=Jaw,....Jay, . (fAP(G,c1)A.. .A=D(B,¢))

Finally set #(®) := &(®, T), and the definition of @ is finished.

We have seen that in the definition of @, we have to respect the scope of
generic nodes. The same holds for the semantics, too. This can easily be seen
with &3. If we want to apply the endoporeutic method to &3, we start its
evaluation on the sheet of assertion. But we can only evaluate the sheet of
assertion, when we have already assigned an object to the generic marker of
the vertex which is placed in the cut. This is — according to the definition of
Eendo in Def. 9.3 — not the case when the sheet of assertion is evaluated. So
we see that the endoporeutic method only works properly for graphs with
dominating nodes. Similar to the definition of @, it would be possible to ex-
tend the definition of Fepndo to concept graphs without dominating nodes,
but this would result in a very technical, complicated and, above all, unintu-
itive semantics. This will not be done here. In the rest of this section, we will
use the extended definition of @ to describe the meaning of concept graphs
without domination nodes.

Finally, we investigate whether the rules of the calculus can be applied to
concept graphs without dominating nodes. For this we analyse some ‘naive’
applications of some rules of the calculus. We start with the following graph:

=

The translation of this graph is 3x.(human(z) A=(M AN (z))), i.e., the mean-
ing of this graph is ‘there exists an object which is human, but which is not
a man’. As women exist, this graph is true.

The concept box is placed in a negative cut, hence a naive appli-
cation of the rule of specialization allows us to replace the generic marker by

the object name ‘John’. This yields the following graph:

=

This graph translates to human(John) A—=M AN (John), hence it is not true.
So we see that the specialization-rule is, when applied to concept graph with-
out dominating nodes, not sound any longer. An analogous example would
yield the same result for the generalization-rule.

As the relation oval is placed on the sheet of assertion, we can erase it with
a naive application of the erasure-rule. This yields
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Again we get an false graph, hence the erasure-rule (and the insertion-rule
as well) is not sound any longer, either.

The same holds for the iteration-rule. A naive application of the iteration-
rule allows us to draw a copy of the cut and the enclosed concept box on the
sheet of assertion. This yields

Et

As this is again a false graph, we conclude that the iteration-rule (and the
deiteration-rule as well) is not sound any longer, either.

A closer observation of the examples above yields that they all fail for the
same reason: By the use of one of the rules, the scope of the generic marker
x is changed. But even in Alpha, where we do not have any generic markers,
we run into problems. To see this, consider

&, :=|T: Rembrandt Hcreatej‘& T: the nightwatch@ T: the starry night ]

An application of the Alpha-rule ‘exchanging references’ yields:

& :=| T: Rembrandt Hcreatej‘& T: the starry night @ T: the nightwatch]

Note that &, and &, are isomorphic except for the their contexts. Further-
more, in both graphs we find that the subgraph which is enclosed by the cut
evaluates to be false (hence in both graphs, the cut evaluates to be true).
Nevertheless we have that &, is true, but &, is false! So even if we demand
that the rules do not change the scope of any generic node, they may fail.
Furthermore we see in this example that the idea of an ‘isomorphism except
a context’ does not work properly any longer if it is applied to concept graphs
without dominating nodes. In particular, nearly none of the soundness-proofs,
which rely heavily on isomorphisms except a context, can be applied to con-
cept graphs without dominating nodes.

To summarize: If we consider concept graphs without dominating nodes,
nearly every notion, definition and theorem in this treatise has to be amended
and modified. It is likely that the semantics and the calculus will become
much more technical and they loose much of their intuitive comprehensibility
and understandability. On the other hand, concept graphs with dominating
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nodes and concept graphs without dominating nodes have the same expres-
sive power, so we do not achieve higher expressiveness if we consider concept
graphs some non-dominating nodes. For this reason this treatise is restricted
to concept graphs with dominating nodes.

14.4 Peirce-Style Calculi

The calculi which are presented in this treatise are based on the calculi of
Peirce for the parts Alpha and Beta of existential graphs. The first five rules
are a direct translation of Peirce’s rules for concept graph with cuts, but it
was necessary to add further rules. These additional rules are designed such
that the whole calculus is still a ‘Peirce-style calculus’. This shall be explained
in this section.

The rules of Peirce are rather different to the kind of rules which are used
in FOL. A first reason for this is the shape and construction of existential
graphs (and hence for concept graphs with cuts). We have the following main
differences between existential graphs and FOL-systems:

— FOL-systems use different variables, i.e., different symbols, to speak about
indefinite objects and to range over our universe of discourse. In existential
graphs, only one symbol, the line of identity, is used instead.

— FOL-systems are usually inductively defined (see for example the definition
of FOL-formulas in Chap. 8), existential graphs are not.

— As FOL-systems are usually inductively defined, the concept of free vari-
ables is needed. There is no counterpart of free variables in existential
graphs

The use of free variables and the use of different variable names have to
be captured in FOL-systems by rules. There are no corresponding rules for
existential graphs.

The inductive construction of FOL-formulas causes a main property of com-
mon FOL-calculi: The usual rules of FOL-calculi, even the natural deduction
rules of Gentzen, only allow transformations at the outermost parts of a
formula (i.e., they do not allow to modify deeper nested subformulas). In
contrast, the rules of Peirce allow transformations in arbitrary deeply nested
cuts. For this reason the rules of Peirce are very powerful (and it is not trivial
to comprehend and prove their soundness).

The next observation is that the rules of Peirce are grouped in pairs. There are
two kinds of rules: First, we have rules which do not change the informational
content of a graph (Sowa calls rules like these equivalence rules). Second,
we have rules which (possibly) weaken the informational content of a graph
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(Sowa calls rules like these generalization rules®). Both kinds of rules are
grouped in pairs:

— equivalence rules: Each equivalence rule may be carried out in both
directions and in arbitrary contexts. To see an example for this, consider
the pair iteration/deiteration. The deiteration-rule is simply the inverse
direction of the iteration-rule and vice versa. So they represent one rule
which can be carried out in both directions. Furthermore, they may be
executed in arbitrary contexts.

The same holds for the double cut rule. In fact this rule can be seen as a
pair of rules, too: Inserting a double cut and erasing a double cut. Again
each of these two rules is simply the inverse direction of the other rule.
And again, the double cut rule may be executed in arbitrary contexts.

— generalization rules: Generalization rules are also grouped in pairs such
that each of these two rules is simply the inverse direction of the other rule.
The crucial difference to equivalence rules is that they may not be carried
out in arbitrary contexts. One of the rules may only be executed in positive
contexts, and the other rule may only be executed in negative contexts.

The only example for this in the Peirce-calculus for existential graphs is
the pair erasure/insertion. For concept graphs with cuts, the pair special-
ization/generalization is another example.

Finally, we find another main difference to common FOL-calculi. First order
logic is built upon propositional logic. The step from a calculus for proposi-
tional logic to a calculus for first order logic is taken by adding rules (which
capture the properties of variables, identity, quantification, etc). In the sys-
tem of existential graphs, in the step taken from Alpha to Beta (which corre-
sponds to the step from propositional logic to first order logic), no rules are
added to the Alpha-calculus, but the rules of the Alpha-calculus are refined
in order to get a set of rules for Beta.

To summarize:

— The calculi of Peirce are grouped in pairs of rules which are inverse to
each other and which may be executed in arbitrary contexts (for equiva-
lence rules) resp. in arbitrary positive or arbitrary negative contexts (for
generalization rules).

— The Beta-calculus is not derived from the Alpha-calculus by adding new
rules, but by refining the existing rules.

These two properties cause the elegance of Peirce’s calculi. For this reason
we decided to design the calculi for concept graphs with cuts such that it

2 Please do not confuse the classification of generalization rules with the general-
ization rule of the concept graph calculus which allows to generalize the concept
name or the referent of a positive nested concept box.
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fulfill these properties, too. Both calculi (for non-existential and existential
concept graphs with cuts) contain the same set of rules. This set of rules is
grouped in pairs, as it is shown in Fig. 14.3.

|Pair of rules |equivalence or generalizati0n|
erasure and insertion generalization

iteration and deiteration equivalence

double cut equivalence

generalization and specialization generalization

exchanging references (self-symmetric) equivalence

T-erasure and T-insertion equivalence

identity-erasure and identity-insertion equivalence

merging two vertices and splitting a vertex|equivalence

Fig. 14.3. The rules for existential concept graphs with cuts.

It should be remarked that this is a redundant set of rules. First, for most
pairs of rules it would be sufficient to add only one of the two rules to the
calculus (see Proposition 6.20). But we added both rules to the calculus to
keep the calculus symmetric.

Second, there is no need that all rules can be carried out in arbitrary (or
arbitrary positive or arbitrary negative) contexts. For example, it would be
sufficient to formulate the rules T-erasure and T-insertion not for arbitrary
contexts, but only for the sheet of assertion (i.e., for each object name g,

an isolated vertex may be erased from or inserted to the sheet of

assertion). But in order to get a Peirce-style calculus, they are still formulated
for arbitrary contexts.
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